Part 2

Learning to optimise: convergence guarantees
from convex to nonconvex landscapes

[1] A. Martin and L. Furieri, «Learning to optimize with convergence guarantees using nonlinear system theory», IEEE Control Systems Letters, 2024.

[2] A. Martin, I. R. Manchester, and L. Eurieri «Learning to optimise with guarantees: a complete characterization of linearly convergent algorithms», arXiv
2508.00775, (under review)

[3] J. Lin, P. Goulart, and L. Eurieri «Learning Over-Relaxation Policies for ADMM with Convergence Guarantees», arXiv 2604.26932, (under review)
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Algorithm design

optimisation program Iterative optimisation algorithm Algorithm requirements:
§i+1 = & + update, (f.&) 1. Convergence

£ = argming .= ()

2. Speed: find stationary point in few steps

3. Quality: find low-cost stationary point

Analytical design Learning-based design
Problem Class ]Formal guarantees - _ / %% \ o \
(e.g., convex, PL...U ” i [DeS|gned algorlthm] ( Tunable | > Tral;nlng; [ Learnt algorithm ]
§-..).-- algorlthm ....... g
A 2 . ~— L
é ? Y

<-| Example < ;
Optimization Problems|[)| | | ¢ Example [R==< o
° (from the Class) problems Optimization Problems
(new, unseen)

\= ~ L Y, S =)
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Systems theory for analytical algorithm design

Classical optimisation algorithms (gradient descent, accelerated...) as Lure’s systems

uncertain plant €41 = & — VS (&)
> ye = Vf(u) Example: I
e )
€i01 = A& + By, [g g]z[ﬁdi—(;ﬂd]
| w=C&+Dy o

linear controller with memory

[1] L. Lessard., B. Recht, A. Packard. «Analysis and design of optimisation algorithms via integral quadratic constraints». SIAM Journal on optimisation, 2016
[2] C. Scherer, C. Ebenbauer. «Convex synthesis of accelerated gradient algorithms». SIAM Journal on Control and optimisation, 59(6), 2021
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Systems theory for analytical algorithm design

Classical optimisation algorithms (gradient descent, accelerated...) as Lure’s systems

uncertain plant

> Yt = Vf(“t) . . . .
\ J = Design of new algorithms, i.e., matrices (A, B, C, D)...

r = ...leveraging IQCs and robust control theory('}[2]
§141 = A& + By, Ing y

uy = C& + Dy,

A

.
linear controller with memory

Optimal worst-case convergence rates @ Limited to convex objective functions

[1] L. Lessard., B. Recht, A. Packard. «Analysis and design of optimisation algorithms via integral quadratic constraints». SIAM Journal on optimisation, 2016
[2] C. Scherer, C. Ebenbauer. «Convex synthesis of accelerated gradient algorithms». SIAM Journal on Control and optimisation, 59(6), 2021
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Machine learning for algorithm design

QOO0DODD

Idea: let a neural network guide the algorithm updates ——  &ie1 = &+

%f

promotes convergence

T
Train parameters ¢ to minimize Ejcexamples | ¥ @/ VF(&)|* + 7f(&)

) t=0
class of example

problems of interest _ _
promotes solution quality

Q Empirical performance and generalization Q Lack of formal guarantees

[1] M. Andrychowiz..., N. De Freitas. «Learning to learn by gradient descent by gradient descent». NeurlPS, 2016.
[2] K. Li. and J. Malik. «Learning to optimise».|CLR, 2016
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Machine learning for algorithm design

Idea: let a neural network guide the algorithm updates —— &1 = &+ 9

M

Train parameters ¢ 4 upda’les--'
: ne
exploit flexipility of leatl ity guarantees
class - and feasibility 9
proble Jing convergenc

pruiniotes solution quality

Empirical performance and generalization 8 Lack of formal guarantees

[1] M. Andrychowiz..., N. De Freitas. «Learning to learn by gradient descent by gradient descent». NeurlPS, 2016.
[2] K. Li. and J. Malik. «Learning to optimise».|CLR, 2016

Luca Furieri System level parametrizations for learning based control and optimisation anchester — 14.05.2026

35



Problem Formulation

= Let F be afamily of objective functions (convex, smooth, PL...)
= Let m be a legacy algorithm &:+1 = w(€:.0) to optimise any function f € F
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Problem Formulation

= Let F be afamily of objective functions (convex, smooth, PL...)
= Let m be a legacy algorithm &:+1 = w(€:.0) to optimise any function f € F

= Some objective functions are more frequent than others... e.g. MPC

subject to xop = x;, T4 = Axp + BUE
zp€X, ur €U, N € Ay

= In general, f € F is drawn from a distribution f ~ D«
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Part 2

Learning to optimise: convergence guarantees
from convex to nonconvex landscapes

[1] A. Martin and L. Eurieri, «Learning to optimize with convergence guarantees using nonlinear system theory», IEEE Control Systems Letters, 2024.

[2] A. Martin, I. R. Manchester, and L. Furieri «Learning to optimise with guarantees: a complete characterization of linearly convergent algorithms», arXiv
2508.00775, (under review)

[3] J. Lin, P. Goulart, and L. Furieri «Learning Over-Relaxation Policies for ADMM with Convergence Guarantees», arXiv 2604.26932, (under review)
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Main result 1: a separation principle for algorithms

Consider the iterations:  &41 =& — nV f(&) + v:

legacy algorithm: gradient descent L/ evolution term
_
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Main result 1: a separation principle for algorithms

Consider the iterations:  &41 =& — nV f(&) + v

legacy algorithm: gradient descent L/ evolution term
_

I f0<n<B™", and Y |u|® <oo,then Y V) < oo I

t=0 t=0

I:> Evolve gradient descent by designing a finite-energy sequence vt
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Main result 1: a separation principle for algorithms

Consider the iterations:  &41 =& — nV f(&) + v:

legacy algorithm: gradient desc@ k/ evolution term
L

I f0<n<B™", and Y |u|® <oo,then Y V) < oo I
t=0

t=0

I:> Evolve gradient descent by designing a finite-energy sequence v:

vy = |My(f, &o,0)| tanh (D¢ (f, &0, 9))
magnitude NN direction NN

Training in system-level coordinates: I

Luca Furieri System level parametrizations for learning based control and optimisation
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Main result 2: universality

Take any target algorithm &:4+1 = o¢(é.0) converging to a stationary point for all f € Femooth

The target algorithm &t+1 = o¢(&e:0) is equivalent to

§41 = & — NV f(&) + ve(f, &o)

for some sequence v:(f,&n) with finite energy.

(Z lve (£, &0)|° < 00)
t=0

Proof insight

= Construct v: to reproduce the system-level operator (f,&) — (Vf(&), &1 — &)
of target algo. o(-)

= Verify that such v: has finite energy
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Experiment: training an MLP for image classification

1) train the perceptron with an algorithm (fixed )

data and labels

000 00000p0000 000 A s

(VAN L2 (20N LN 7 A A

22212432222222222 == 5 T . .
3333333%5353333333 = 1anh : classifier
e ¢t 44949 F5dd4 Y4 — f,))i?: Z, S tiZ} —l . . (ft)
55585555 555s655¢55 = 6 2

66 bbbbbbbéésbiel © 202 © predlctlon
X777 7901 22777 W O

Y57 %832 8P TTYL QD

$4999493994949494499

§ev1 = & — VS (&) + ve(Ee0,0)
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Experiment: training an MLP for image classification

1) train the perceptron with an algorithm (fixed )

data and labels
00000000 p0202 000 i 5
22222322521 22504 e A .
siaiieiney . SCIEE p |, classifier g,
e D FEL a B I prediction
$ 7770771072012 %F777 o o
¥ 7%88P 7B PTTYILCLS
99949939194 93449 29
o1 = & — NVf (&) + ve(&e0,0)
2) train the algorithm itself (train )

T
Evaluate AlgPerf(d) = Za|Vf(£¢)|2 +~f(&) and backpropagate through ¢

=0

anchester — 14.05.2026
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3) Compare trained algorithm against classical optimisers

Activation function: tanh Activation fu,nction: sigmoid Activation \function: relu

—— Adam — NAG —— ConvergentL20

—— SGD ——— RMSprop
1.0 9 m

T
280

2.5

PP

T T T
290 300 280 290 300

Loss

1.0 1

0 20 40 60 80 100 80 100 0 2I0 I 6I0 8I0 100
Optimization steps Optimhization steps timization steps

Out-of-sample generalization!
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Part 2

Learning to optimise: convergence guarantees
from convex to nonconvex landscapes

[1] A. Martin and L. Furieri, «Learning to optimize with convergence guarantees using nonlinear system theory», IEEE Confrol Systems Letters, 2024.

[2] A. Martin, I. R. Manchester, and L. Furieri «Learning to optimise with guarantees: a complete characterization of linearly convergent algorithms», arXiv
2508.00775, (under review)
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Evolving ADMM by learning over-relaxation parameters

Th41 € argmin f(z) + 7| Azt Bz —c+u 3,
T
I;Irligl f(z) + g(z) over-relaxed ADMM Tra1 = 0p Az + (1 — o) (c — Bzg),
st. Av+Bi=c| 2k41 € argming(z) + 5 | Akar + Bz—ctul,

Uks+1 = Uk + ATky1 + Bzry1 — ¢,

[1] B. Stellato, G. Banjac, P. Goulart, A. Bemporad, S. Boyd, «OSQP: an operator splitting solver for Quadratic Programs», UKACC 12° international
conference on control (CONTROL), 2018

[2] J. Lin, P. Goulart, and L. Eurieri «Learning Over-Relaxation Policies for ADMM with Convergence Guarantees», arXiv 2604.26932, (under review)
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Evolving ADMM by learning over-relaxation parameters

. Pk -
Tl € a,rgmsz(:z:) + ?||A$+sz—c+uk||.§,

nqun f(z) + g(z) over-relaxed ADMM Tra1 = 0p Az + (1 — o) (c — Bzg),

st. As+Bz=c| 2k41 € argming(z) + || Bk + Bz —ctul,

Uks1 = Uk + A.’ik.;.l + BZk+1 - C,

= For Quadratic Programs (QPs), the solver OSQP!"l solves «min» steps by operator splitting

= Expensive operation to be redone whenever ¢ changes

= Changing @« - no computational overhead... but convergence may be lost!

= Contributionl?: learning «x(featuresx) with convergence guarantees

[1] B. Stellato, G. Banjac, P. Goulart, A. Bemporad, S. Boyd, «OSQP: an operator splitting solver for Quadratic Programs», UKACC 12° international
conference on control (CONTROL), 2018

[2] J. Lin, P. Goulart, and L. Eurieri «Learning Over-Relaxation Policies for ADMM with Convergence Guarantees», arXiv 2604.26932, (under review)
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Evolving ADMM by learning over-relaxation parameters

p adaptation

Policy

Random QP

Portfolio

Lasso

SVM

MPC with varying zg

No p
adaptation

Scalar policy
Vector policy

321.53 (0.803)

263.34 (0.653)
269.56 (0.748)

454.64 (1.981)
372.95 (1.721)
373.13 (1.886)

203.39 (1.972)
172.64 (1.667)
172.44 (1.761)

654.10 (6.715)
547.07 (6.000)
545.49 (6.332)

890.7 (0.745)
733.4 (0.621)
730.9 (0.691)

With p
adaptation

Scalar policy (iter)
Scalar policy (p)
Vector policy (iter)
Vector policy (p)

321.53 (0.808)

262.92 (0.662)
262.92 (0.666)
268.41 (0.755)
265.65 (0.736)

272.30 (1.645)
233.58 (1.468)
324.26 (1.858)
251.16 (1.595)
366.33 (2.038)

175.58 (3.644)
175.62 (3.847)
179.96 (7.042)
180.09 (3.654)
174.76 (1.772)

346.32 (7.959)
341.45 (7.949)
462.78 (7.059)
343.53 (7.642)
425.22 (7.836)

141.4 (0.169)
133.5 (0.168)
139.7 (0.176)
126.5 (0.174)
125.8 (0.183)

= Around 10% improvement across benchmarks, with no computational overhead

= Asymptotic convergence guarantees to optimal constrained solution

[1] J. Lin, P. Goulart, and L. Furieri «Learning Over-Relaxation Policies for ADMM with Convergence Guarantees», arXiv 2604.26932, (under review)
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Conclusions

NN control with embedded stability (Part 1)

R

nonconvex optimisation nonlinear control theory

N

NN-based evolution of classical algorithms (Part 2)

Unified method: stable system-level coordinates
Use NNs to design stable closed-loop behavior directly... not to parametrize a policy
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