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Challenges

I) Optimality in coordinated tasks

à Stability? Safety?

§ Linear systems with quadratic costs?
§ NL policies needed! [Witsenhausen, 1969]

§ … NL objectives for NL systems
§ Recent attempt: Deep Neural Nets (DNNs)
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à Stability? Safety?

unsafe, unmodeled

II) Adaptation to unmodeled disturbances
§ Linear systems with quadratic costs?

§ NL policies needed! [Witsenhausen, 1969]

§ … NL objectives for NL systems
§ Recent attempt: Deep Neural Nets (DNNs)
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Challenges

I) Optimality in coordinated tasks

à Stability? Safety?

II) Adaptation to unmodeled disturbances
§ Most ODC approaches so far…

§ Well-modeled disturbances only
§ Safety at the cost of performance

§ Linear systems with quadratic costs?
§ NL policies needed! [Witsenhausen, 1969]

§ … NL objectives for NL systems
§ Recent attempt: Deep Neural Nets (DNNs) àRegret Minimization to safely go beyond?
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1. Learning over all and only stabilizing policies for nonlinear optimal
control using DNNs

2. Port-Hamiltonian DNNs for optimal distributed control with built-in 
stability and non-vanishing gradients

3. Regret minimization for safe adaptive control

“Neural System Level Synthesis: Learning over all and only stabilizing policies for nonlinear systems”,
Luca Furieri, Clara Galimberti and Giancarlo Ferrari Trecate, CDC 2022

Regret-based
Control

Safe DNNsDistributed 
Control

Safety ???
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CLOSED-LOOP STABILITY
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NOC Problem

Challenges
§ Nonlinearities: system dynamics       , loss function      , control policy

§ (Tractable) optimization
§ Global Optimality

§ Dependability: stability during the optimization
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From designing stabilizing policies…. To designing stable closed-loop operators
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✓

<latexit sha1_base64="12YkoTEicf0Xu7x5fPXODgy9LtQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRbBVUlKUZcFNy4r2Ac0oUymN+3QyYOZG7GEuvFX3LhQxK1/4c6/cZpmoa0HLhzOuXfu3OMngiu07W9jZXVtfWOztFXe3tnd2zcPDtsqTiWDFotFLLs+VSB4BC3kKKCbSKChL6Djj69nfucepOJxdIeTBLyQDiMecEZRS33z2EV4wPydzBcpTDMXR4B02jcrdtXOYS0TpyAVUqDZN7/cQczSECJkgirVc+wEvYxK5EzAtOymChLKxnQIPU0jGoLysnzz1DrTysAKYqkrQitXf09kNFRqEvq6M6Q4UoveTPzP66UYXHkZj5IUIWLzRUEqLIytWRzWgEtgKCaaUCa5/qvFRlRShjq0sg7BWTx5mbRrVeeiWr+tVxq1Io4SOSGn5Jw45JI0yA1pkhZh5JE8k1fyZjwZL8a78TFvXTGKmSPyB8bnDwjDl94=</latexit>

✓

System Level Synthesis (SLS) philosophy



§ General, non-Markovian, time-varying controlled systems

§ Closed-loop (CL) maps induced by interconnection of F and K

§ Stability notions
• Stable signals:                                               

• Stable operators:

Setup and Notation
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<latexit sha1_base64="Xquvt5e8y+Bs+hC4tgYPk7+sH9w="></latexit>(
xt = ft(xt�1:0, ut�1:0) + wt

ut = Kt(xt:0)
<latexit sha1_base64="cmaL67dPaCLJywrAUG1nXCc565U=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBEqlJKUom6EghuXFewDmhAm00k7dDIJMxNpCV258VfcuFDErd/gzr9x0mahrQcuHM65l3vv8WNGpbKsb2NldW19Y7OwVdze2d3bNw8O2zJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRzeZ33kgQtKI36tJTNwQDTgNKEZKS5554oRIDf0gHU/hNSyPPasy9uyKw/qRkueeWbKq1gxwmdg5KYEcTc/8cvoRTkLCFWZIyp5txcpNkVAUMzItOokkMcIjNCA9TTkKiXTT2RtTeKaVPgwioYsrOFN/T6QolHIS+rozO1ouepn4n9dLVHDlppTHiSIczxcFCYMqglkmsE8FwYpNNEFYUH0rxEMkEFY6uaIOwV58eZm0a1X7olq/q5catTyOAjgGp6AMbHAJGuAWNEELYPAInsEreDOejBfj3fiYt64Y+cwR+APj8wdcepe7</latexit>

x = (x0, x1, . . .)

<latexit sha1_base64="NzRUDbKGbNIFA9E4XFsYYdzJQWU="></latexit>(
x = F(x,u) +w

u = K(x)

<latexit sha1_base64="i2aIymJTqX2ftMYetX75hNzlXMU=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7JbinoseBG8VLCt2JaSTd+2odnskmSFsvRfePGgiFf/jTf/jdl2D9o6EBhm3iPzxo8F18Z1v53C2vrG5lZxu7Szu7d/UD48ausoUQxbLBKRevCpRsEltgw3Ah9ihTT0BXb8yXXmd55QaR7JezONsR/SkeQBZ9RY6bEXUjP2g/R2NihX3Ko7B1klXk4qkKM5KH/1hhFLQpSGCap113Nj00+pMpwJnJV6icaYsgkdYddSSUPU/XSeeEbOrDIkQaTsk4bM1d8bKQ21noa+ncwS6mUvE//zuokJrvopl3FiULLFR0EiiIlIdj4ZcoXMiKkllClusxI2pooyY0sq2RK85ZNXSbtW9S6q9bt6pVHL6yjCCZzCOXhwCQ24gSa0gIGEZ3iFN0c7L86787EYLTj5zjH8gfP5A7b2kOg=</latexit>

K
<latexit sha1_base64="y5uMBsEq18TbUFlVl4+URtzR9ag=">AAACAHicbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVBEJcV7APboWTSTBuaZIYkI5ShG7/Bra7diVv/xKV/YqadhW09EDiccy/35AQxZ9q47reztr6xubVd2Cnu7u0fHJaOjls6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+ObzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCsL0dtovld2KOwNaJV5OypCj0S/99AYRSQSVhnCsdddzY+OnWBlGOJ0We4mmMSZjPKRdSyUWVPvpLPEUnVtlgMJI2ScNmql/N1IstJ6IwE5mCfWyl4n/ed3EhNd+ymScGCrJ/FCYcGQilH0fDZiixPCJJZgoZrMiMsIKE2NLWrgSiKwTb7mBVdKqVrzLSu2+Vq5X83YKcApncAEeXEEd7qABTSAg4QVe4c15dt6dD+dzPrrm5DsnsADn6xeKoJd5</latexit>

F

<latexit sha1_base64="170JWUFOm1KDpUQeeL1PdI2pxvc=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFKGbvwGt7p2J279E5f+iZl2Ftp6IHA4517uyQlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPrzO88UKVZJO/MNKa+wCPJQkawsdJ9X2AzDsL0cTYoV9yqOwdaJV5OKpCjOSh/94cRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvpPPEMnVlliMJI2ScNmqu/N1IstJ6KwE5mCfWyl4n/eb3EhFd+ymScGCrJ4lCYcGQilH0fDZmixPCpJZgoZrMiMsYKE2NL+nMlEFkn3nIDq6Rdq3oX1fptvdKo5e0U4QRO4Rw8uIQG3EATWkBAwjO8wKvz5Lw5787HYrTg5DvH8AfO5w/X9Jeq</latexit>w <latexit sha1_base64="m43g/H6VYuzXqwKmPUrfPazz4vM=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFiGbvwGt7p2J279E5f+iZl2Ftp6IHA4517uyQlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPrzO88UKVZJO/MNKa+wCPJQkawsdJ9X2AzDsL0cTYoV9yqOwdaJV5OKpCjOSh/94cRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvpPPEMnVlliMJI2ScNmqu/N1IstJ6KwE5mCfWyl4n/eb3EhFd+ymScGCrJ4lCYcGQilH0fDZmixPCpJZgoZrMiMsYKE2NL+nMlEFkn3nIDq6Rdq3oX1fptvdKo5e0U4QRO4Rw8uIQG3EATWkBAwjO8wKvz5Lw5787HYrTg5DvH8AfO5w/ZiJer</latexit>x
<latexit sha1_base64="FOFjJVGfTN8r0dj1YKkL41NimY8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFCGbvwGt7p2J279E5f+iZl2Frb1QOBwzr3ckxPEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSa3md95okqzSD6YaUx9gUeShYxgY6XHvsBmHIRpMhuUK27VnQOtEy8nFcjRHJR/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10nniGLqwyRGGk7JMGzdW/GykWWk9FYCezhHrVy8T/vF5iwhs/ZTJODJVkcShMODIRyr6PhkxRYvjUEkwUs1kRGWOFibElLV0JRNaJt9rAOmnXqt5VtX5frzRqeTtFOINzuAQPrqEBd9CEFhCQ8AKv8OY8O+/Oh/O5GC04+c4pLMH5+gXUzJeo</latexit>u

<latexit sha1_base64="170JWUFOm1KDpUQeeL1PdI2pxvc=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFKGbvwGt7p2J279E5f+iZl2Ftp6IHA4517uyQlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPrzO88UKVZJO/MNKa+wCPJQkawsdJ9X2AzDsL0cTYoV9yqOwdaJV5OKpCjOSh/94cRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvpPPEMnVlliMJI2ScNmqu/N1IstJ6KwE5mCfWyl4n/eb3EhFd+ymScGCrJ4lCYcGQilH0fDZmixPCpJZgoZrMiMsYKE2NL+nMlEFkn3nIDq6Rdq3oX1fptvdKo5e0U4QRO4Rw8uIQG3EATWkBAwjO8wKvz5Lw5787HYrTg5DvH8AfO5w/X9Jeq</latexit>w
<latexit sha1_base64="m43g/H6VYuzXqwKmPUrfPazz4vM=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFiGbvwGt7p2J279E5f+iZl2Ftp6IHA4517uyQlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPrzO88UKVZJO/MNKa+wCPJQkawsdJ9X2AzDsL0cTYoV9yqOwdaJV5OKpCjOSh/94cRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvpPPEMnVlliMJI2ScNmqu/N1IstJ6KwE5mCfWyl4n/eb3EhFd+ymScGCrJ4lCYcGQilH0fDZmixPCpJZgoZrMiMsYKE2NL+nMlEFkn3nIDq6Rdq3oX1fptvdKo5e0U4QRO4Rw8uIQG3EATWkBAwjO8wKvz5Lw5787HYrTg5DvH8AfO5w/ZiJer</latexit>x

<latexit sha1_base64="FOFjJVGfTN8r0dj1YKkL41NimY8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFCGbvwGt7p2J279E5f+iZl2Frb1QOBwzr3ckxPEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSa3md95okqzSD6YaUx9gUeShYxgY6XHvsBmHIRpMhuUK27VnQOtEy8nFcjRHJR/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10nniGLqwyRGGk7JMGzdW/GykWWk9FYCezhHrVy8T/vF5iwhs/ZTJODJVkcShMODIRyr6PhkxRYvjUEkwUs1kRGWOFibElLV0JRNaJt9rAOmnXqt5VtX5frzRqeTtFOINzuAQPrqEBd9CEFhCQ8AKv8OY8O+/Oh/O5GC04+c4pLMH5+gXUzJeo</latexit>u

<latexit sha1_base64="LMDC4wCWAkcoOTSxUVTBaHtOGdc="></latexit> 1X

t=0

|xt|p 2 `p < 1 =) x 2 `p

<latexit sha1_base64="54bQeM8NDnFq9wxTrMfveR3z4O4="></latexit>

A(x) 2 `p, 8x 2 `p =) A 2 Lp

CL stability := 

<latexit sha1_base64="+umVuWldYQkGzAg0WSq1jPM7V/A="></latexit>

�x[F,K]
<latexit sha1_base64="wCcG0Zb2P0GASxltYY6wOjinIgs="></latexit>

�u[F,K]

<latexit sha1_base64="WOyubVH7T/Ds0YjsYoJtR1m10Ps="></latexit>

(�x,�u) 2 Lp

<latexit sha1_base64="+GQwHGGSBd6QFL2l9rv2xu1xzc8="></latexit>

K(x) = (K0(x0),K1(x1:0), . . .)

signal space



§ Challenge: achievability constraints
• …i.e., nonlinear functional equalities L

System Level Synthesis (SLS) for NOC
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<latexit sha1_base64="VUXTvbGi1LY3tvVELzFx/lUuZUs="></latexit>

min
( x, u)

EwT :0

"
TX

t=0

l( x
t (wt:0), 

u
t (wt:0))

#

s. t.  x = F( x, u) + I

( x, u) 2 Lp

SLS<latexit sha1_base64="WSLQjiwtUF+nHLxWyA96l8zC7k0="></latexit>

min
K(·)

EwT :0

"
TX

t=0

l(xt, ut)

#

s. t. x = F(x,u) +w , u = K(x)

(�x[F,K],�u[F,K]) 2 Lp .

NOC

«Achievability»

<latexit sha1_base64="sWhPyBgqDjRr9Re+u7Qj5glMApk="></latexit>

(zI �A) x(z) = B u(z) + I

If linear system… [Wang, Matni, Doyle, 2019]

Get rid of achievability?

<latexit sha1_base64="hdHJPHtwkXDWOq51oi4BMhvzKz8="></latexit>

xt = Axt�1 +But�1



I. Assumption:           is Input-to-State (IS) stabilizing
• i.e., leads to CL  maps                          in

Main Result
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I) Base controller: stabilize II) Additional input: optimize performance

<latexit sha1_base64="YtPdFVt7G56wkFztR5jnkjZlTJE="></latexit>

K0(·)

<latexit sha1_base64="v6wmLl0jUyLCPUEAAhh+WDoA2l4="></latexit>

u = K0(x)| {z }+v(x)|{z}

<latexit sha1_base64="vgWMYNOsYtZm3M0I2FEaj5KRxNY="></latexit>

(w,v) ! (x,u)
<latexit sha1_base64="4e3vq0MzC2t2adG0dFaltFtoojw="></latexit>

Lp

<latexit sha1_base64="Z5tIUez4AhnvYaKkczyNqHE55xw="></latexit>

K0

Hovering controller

E.g.
- Feedback linearization…
- Stabilizing NMPC…



Main Result
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II. Parametrize v(x) as follows

F(x,u)

K′(·)

w

v

Controller

x

System

F(x,u)

u
M( )·

Result part 1 (sufficiency)
The CL maps               achieved by the control scheme above are      
stable for any   

<latexit sha1_base64="I/JGHTTvOjKDh3l7ffe7d/vLuLs="></latexit>

(�x,�u)

<latexit sha1_base64="170JWUFOm1KDpUQeeL1PdI2pxvc=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFKGbvwGt7p2J279E5f+iZl2Ftp6IHA4517uyQlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPrzO88UKVZJO/MNKa+wCPJQkawsdJ9X2AzDsL0cTYoV9yqOwdaJV5OKpCjOSh/94cRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvpPPEMnVlliMJI2ScNmqu/N1IstJ6KwE5mCfWyl4n/eb3EhFd+ymScGCrJ4lCYcGQilH0fDZmixPCpJZgoZrMiMsYKE2NL+nMlEFkn3nIDq6Rdq3oX1fptvdKo5e0U4QRO4Rw8uIQG3EATWkBAwjO8wKvz5Lw5787HYrTg5DvH8AfO5w/X9Jeq</latexit>w

<latexit sha1_base64="5qdEqCdgRiwEOPsZZUX0wiObZkA="></latexit>

v = M(w) = M(x� F(x,u))

§ By hypothesis, disturbance sequence
§ Since                       , then
§ By hypothesis, base controller             such that

<latexit sha1_base64="sx32a0X3XGA63HF2yxeajz+kJ5k="></latexit>

(w,v) 2 `p =) (x,u) 2 `p
<latexit sha1_base64="lCIUHAWCdb4k+mEVFX1tBX0LJF4="></latexit>

K0(·)

<latexit sha1_base64="fU43zwfTS+EymJ7bECU6EQZd80g="></latexit>

w 2 `p
<latexit sha1_base64="/UuWn2rMfhFxVu18uHkLWdZigGw="></latexit>

M(·) 2 Lp

<latexit sha1_base64="/UuWn2rMfhFxVu18uHkLWdZigGw="></latexit>

M(·) 2 Lp

<latexit sha1_base64="P5lw6HBRmdFIfiRy416KevI3pAw="></latexit>

v = M(w) 2 `p

Proof



§ We prove by induction that                                    , i.e., we achieve the desired CL maps. 
§ Inductive Step: assume                                         . Then

§ Base Step:                       … (the initial state is the initial state)  

Main Result 
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Result part 2 (necessity)

If               , we can obtain any achievable  CL maps                          by 
searching over the space of stable operators               .    

§ Globally optimal CL maps by searching over                ! <latexit sha1_base64="5rBS/buqEk7pApYnvFHsOVcJj48="></latexit>

=)
Proof
§ Select                                    . Then,
§ So, the corresponding policy                                                 is within our search space

<latexit sha1_base64="Sn4P+aXSj+SXzUvlzJwgaHM/IWc="></latexit>

�u
j+1 =K ′j+1(Fj+1∶0(�x

j∶0,�u
j∶0) + I���������������������������������������������������������������������������������������������������������������������������=�x

j+1

) −K ′j+1(Fj+1∶0( x
j∶0, u

j∶0) + I�����������������������������������������������������������������������������������������������������������������������������= x
j+1

) + u
j+1 =  u

j+1

<latexit sha1_base64="R6kppW4C+Frz3j0oiRgVqlEm07Y="></latexit>

u = K0(x) +M(x� F(x,u))
<latexit sha1_base64="tc7SDKlMTVYCz5I5wdnnx3/pcv4="></latexit>,

What closed-loop maps do we achieve?

<latexit sha1_base64="Qpxkg5esJIsg3YYfycsN4Ze7fpQ="></latexit>

(K0, x, u) 2 Lp =) M 2 Lp

<latexit sha1_base64="5LF93r7cDD9ZEfLUmcK0NNUCRgY="></latexit>(�x
j∶0,�u

j∶0) = ( x
j∶0, u

j∶0)

<latexit sha1_base64="VlPpMKDNUXb06o1ksQjZ3R/j2r4="></latexit>

K0 2 Lp

<latexit sha1_base64="zaarZVm/uYJhjJ7vVv5YK7QMSTA="></latexit>(�x,�u) = ( x, u)

<latexit sha1_base64="YJZV39qlMBzCrYy4llonf4HLRP4="></latexit>

M = �K0( x) + u

<latexit sha1_base64="8sYVLyRbCszbFBUMSooIuExL4ls="></latexit>M 2 Lp

<latexit sha1_base64="tc7SDKlMTVYCz5I5wdnnx3/pcv4="></latexit>,
<latexit sha1_base64="1iZkCzl11oU3wslhtxzdQ/iPCSY="></latexit>

�x
0 =  x

0 = I

<latexit sha1_base64="+q9uw2PgMwOh+iHWfgr0KqkWA1c="></latexit>

( x, u) 2 Lp

<latexit sha1_base64="8sYVLyRbCszbFBUMSooIuExL4ls="></latexit>M 2 Lp



<latexit sha1_base64="AHsjJQ2YIdIqTQb2H55+n9Wc8ms="></latexit>

min
✓2Rd

1

S

SX

s=1

"
TX

t=0

l(xs
t , u

s
t )

#

s. t. xs
t = ft(x

s
t�1:0, u

s
t�1:0) + ws

t , xs
0 = ws

0 ,

us
t = K 0

t(x
s
t:0) +M✓

t

�
xs
t � ft(x

s
t�1:0, u

s
t�1:0)

�

§ We establish a deep learning procedure to tackle NOC in a dependable way

§ Neur-SLS offers the following guarantees:
1. CL stability for any 
2. Representation power only limited by approximation of 

The Proposed Neur-SLS 
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sampled disturbances and 
corresponding trajectories

Empiric average

Base controller

Gradient-descent 
over free parameter

21

<latexit sha1_base64="0ekLt8JcOdD1r26bRaqxsPTxuvw="></latexit>

Lp

Neur-SLS

“Recurrent Equilibrium Networks: Flexible Dynamic 
Models with Guaranteed Stability and Robustness”, Max 
Revay, Ruigang Wang, Ian R. Manchester, TAC 2023

e.g. 
<latexit sha1_base64="UdyDsbVaGewjvjw1pi7NaLi8DeY="></latexit>

M✓ 2 Lp, 8✓ 2 Rd

<latexit sha1_base64="Sn5TJj8Iup/jdrYjwUijJQR4ZsE="></latexit>

✓

<latexit sha1_base64="Sn5TJj8Iup/jdrYjwUijJQR4ZsE="></latexit>

✓



§ Point-mass vehicles, nonlinear drag forces, force input

§ Goal: CL stability on target, avoid collisions & obstacles

§ Base controller      : linear spring at rest on target
• Overshoot, collisions…. But stabilizing

§ Approach: train the corresponding Neur-SLS with standard GD! 

The  Corridor  Problem
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<latexit sha1_base64="UnV9zh4KjoYmOmZQMhYhhIhGY1c="></latexit>
xt

ẋt

�
=


xt�1

ẋt�1

�
+ Ts


ẋt�1

�kẋt�1k2 ẋt�1 + ut�1

�

<latexit sha1_base64="m6HFU6V0xu5AnPFZ58imElF5ggg="></latexit>

l(·) = ltarget(·) + lcollisions(·) + lobstacles(·)

target

obstacle obstacle

<latexit sha1_base64="Z5tIUez4AhnvYaKkczyNqHE55xw="></latexit>

K0



§ Upon training over a dataset 500 different initial conditions…

§ …robots learn the “corridor behavior” (robustly).
§ CL stability guaranteed by design! Even with early stopping of training

The  Corridor  Problem
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Presentation Structure
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1. Learning over all and only stabilizing policies for nonlinear optimal
control using DNNs

2. Port-Hamiltonian DNNs for optimal distributed control with built-in 
stability and non-vanishing gradients

3. Regret minimization for safe adaptive control

“Distributed neural network control with dependability guarantees: a compositional port-
Hamiltonian approach”, Luca Furieri, Clara Galimberti, Muhammad Zakwan, and Giancarlo Ferrari Trecate, 
L4DC 2022 (Spotlight Oral)

Regret-based
Control

Safe DNNsDistributed 
Control

Safety ???



Challenges of Using DNN Policies… at Large Scale
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A. Closed-loop stability
§ Neural SLS to parametrize all stabilizing NL policies 

B. … Even in a distributed setup for networked control
§ Sparse NN matrices? à Instability!

C. Vanishing gradients during optimization 
§ Training stops prematurely because gradients are small… 
§ … Despite being far from stationary point. 
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A framework for solving challenges [A], [B], [C] simultaneously?

stability by-design

distributed

non-vanishing 
gradients

port-Hamiltonian systems



Port-Hamiltonian (pH) systems1
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§ V: Hamiltonian function (internal system energy)

§ By construction: (i.e. irrespectively of J, R, G and V)

P1: Stability of the origin if

P2: Compositionality: ≡
⌃pH

<latexit sha1_base64="HUYi+97m4bO67bRnlWo7MiysctY="></latexit>

CpH

✓(t)
<latexit sha1_base64="SeEmkWVvNAkUNrfXqjf1hsJgzVI="></latexit>

⌃pH
<latexit sha1_base64="HUYi+97m4bO67bRnlWo7MiysctY="></latexit>

1 A. van der Schaft and D. Jeltsema. "Port-Hamiltonian systems theory: An introductory overview." Foundations and Trends in Systems and 
Control 1.2-3 (2014): 173-378.

⌅ J skew-symmetric
⌅ R ⌫ 0

<latexit sha1_base64="eBhHp18jNFLftem6r0bqD8L86zU="></latexit>

⌃pH
<latexit sha1_base64="HUYi+97m4bO67bRnlWo7MiysctY="></latexit>

Exploiting P1 + P2 
⇓

NN controllers 
guaranteeing stability (A)

ẋ(t) = (J � R)
@V (x(t))

@x
+ GTu(t)

y(t) = G
@V (x(t))

@x
<latexit sha1_base64="jbob5kulJdzonX4uwtw5J42ctLI="></latexit>

R � 0 (energy dissipation)
<latexit sha1_base64="Pq5kAjPR6N2AcIerN3lPAC4EdIk="></latexit>
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V3(x3)

Main Result
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For a (nonlinear) pH system, consider a dynamic controller in pH form

where                     is a Deep Neural Network energy function. Then

§ Closed-loop stability (A) holds by design (for any    )

§ Distributed implementations (B) using                                          

blue = trainable parameters
<latexit sha1_base64="wPv3jveiRe24aMWCL1UrSEEhmlk="></latexit>

�(⇠(t),✓)

<latexit sha1_base64="7fETABVbs3kIL9u0/lQX31Tp+q8="></latexit>

✓
<latexit sha1_base64="NRMW883UoKBXXsG9wIXZT1N5qjw="></latexit>

�(⇠(t),✓) =
NX

i=1

�i(⇠Ni ,✓i)

<latexit sha1_base64="c0Lb5rphPx8Ex6zSc9xqWTqyU4g="></latexit>

V1(x1)

<latexit sha1_base64="QhKagGeVcfPtZiE/xP2OrdYt4tw="></latexit>

V2(x2) <latexit sha1_base64="sBQsrV4A/vDngUQJEuPuO4NU0aA="></latexit>

V4(x4)

<latexit sha1_base64="+been+tq/noTUYUNpzmgTWjVwDk="></latexit>

V5(x5)

<latexit sha1_base64="L9cUXK6Nz0hKnu5ApkUEQd/xBgM="></latexit>

�1(⇠1, ⇠2,✓1)

<latexit sha1_base64="fuUwpu/oPNyp5abQoRJiDplXdZY="></latexit>

�5

<latexit sha1_base64="kkHyu556gP440rf8tGFCl5RpOcM="></latexit>

�4

<latexit sha1_base64="+B0z9+8RsAUC4ZaObr99OnCJzbU="></latexit>

�3

<latexit sha1_base64="o9eP1OcCtcyPpjlHtpp4z58eVO0="></latexit>

�2

§ Total energy: 

§ Closed-loop is pH:                for any    ! (A)

§ Take care of

<latexit sha1_base64="bPobaJFy4whXFBKXLPnCIkzC3SU="></latexit>

P =
5X

i=1

Vi(·) +
5X

i=1

�i(·)
<latexit sha1_base64="JWMbZY8JiajJf4Dlk382ajf+5XQ="></latexit>

Ṗ (·)  0
<latexit sha1_base64="7fETABVbs3kIL9u0/lQX31Tp+q8="></latexit>

✓

@�

@⇠1
=
@�1(⇠1, ⇠2)

@⇠1
+
@�2(⇠1, ⇠2, ⇠3)

@⇠1
<latexit sha1_base64="qadWb1bHXoE+ADvlY4j2wv0VVnY="></latexit>

<latexit sha1_base64="IMFnIgJGmcDEiwyOqQr3Ya9WA+I="></latexit>

⇠̇ = Jc
@�(⇠(t),✓)

@⇠
+Gc

Ty(t)

u(t) = Gc
@�(⇠(t),✓)

@⇠

Theorem (B) 

:  describe which local energy depends on 
which local controller states. 

Then, the control policy is distributed
according to      (paths of length 2).    

<latexit sha1_base64="4qip+poa7vO8+t4Trd0nifZ+kfA="></latexit>

G�

<latexit sha1_base64="Y7KZQCgs7XMuIsKZ880i7tC/Q8o="></latexit>

G2
�
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For a (nonlinear) pH system, consider a dynamic controller in pH form

where                     is a Deep Neural Network energy function. Then

§ Closed-loop stability (A) holds by design (for any    )

§ Distributed implementations (B) using

§ Non-vanishing gradients (C)                                           

<latexit sha1_base64="/55nXpl59M6FCcnmgx3vzIDgMHM="></latexit>

⇠̇ = Jc
@�(⇠(t),✓)

@x
+Gc

Ty(t)

u(t) = Gc
@�(⇠(t),✓)

@x
blue = trainable parameters

<latexit sha1_base64="wPv3jveiRe24aMWCL1UrSEEhmlk="></latexit>

�(⇠(t),✓)

<latexit sha1_base64="7fETABVbs3kIL9u0/lQX31Tp+q8="></latexit>

✓
<latexit sha1_base64="NRMW883UoKBXXsG9wIXZT1N5qjw="></latexit>

�(⇠(t),✓) =
NX

i=1

�i(⇠Ni ,✓i)

<latexit sha1_base64="jFTbD0xyEAElyKaahEu/KV6VcPo="></latexit>✓
@⇣(T )

@⇣(T � t)

◆> 
J 0
0 Jc

�
@⇣(T )

@⇣(T � t)
=

J 0
0 Jc

�

pH systems preserve symplecticity: calling                                    we have⇣ =


system state
controller state

�

<latexit sha1_base64="ESjUcX5m7yr89oc7AxSh0Fk6cTo="></latexit>

<latexit sha1_base64="+4wke2LtJfmTCS9ZsjADPtvoZD4="></latexit>����
@⇣(T )

@⇣(T � t)

���� � 1
<latexit sha1_base64="wjNRT8X9ZTi6W91VOP5RWFsm61U="></latexit>

�⇒



§ Position swapping of 12 mobile robots
• Modelled as pH systems
• Local controllers with ring communication topology

§ Objective:
Stable closed-loop system + collision avoidance

§ Control cost

Navigation task using pH-DNN distributed controllers
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L =
R T

0 (`Q + `CA + `R) dt
<latexit sha1_base64="ngY6NCSV8G22YRj0QKux+5g8fco="></latexit>

Quadratic loss penalizing:
• Distance to target point
• Non zero velocity
• Input magnitude

Collision 
avoidance loss

Regularization loss

Penalizes parameter 
variations across layers



Numerical Experiments
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§ Closed-loop stability during training (A)
§ Distributed controllers (ring topology) (B)
§ Non-Vanishing gradients (C)

25% 50% 100%0%
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DNN controllers à optimality in coordinated tasks…

Adapt the task to unmodeled environments?



Presentation Structure
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1. Learning over all and only stabilizing policies for nonlinear optimal
control using DNNs

2. Port-Hamiltonian DNNs for optimal distributed control with built-in 
stability and non-vanishing gradients

3. Regret minimization for safe adaptive control

“Safe Control with Minimal Regret”, Andrea Martin, Luca Furieri, Florian Dorfler, John Lygeros and 
Giancarlo Ferrari-Trecate, L4DC 2022

Regret-based
Control

Safe DNNsDistributed 
Control

Safety ???



Regret-optimal Control
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disturbance

<latexit sha1_base64="Oo6v4UjisCo2Lnpz934b8XTq1fU="></latexit>

�

wind

aerodyn.
coupling

P2) Regret-optimal Networked Control

Luca Furieri Research Vision Talk TU Delft, 28 November 2022 10 / 28

Stochastic & time-varying disturbances

Exacerbated in networked control systems

Idea
Regret minimization for optimal adaptation to unmodeled disturbances

Research questions my group will target

1 Regret for adaptive decentralized control
Min. local regret ! global performance

2 Regret-based Distributed Model Predictive Control

control
policy

§ Stochastic & time-varying disturbances

§ Exacerbated in networked control system

optimal control:              optimal for Gaussian w(t)              lack of robustness

optimal control:              optimal for worst-case w(t)            overly conservative

<latexit sha1_base64="LmndnY3KI0lC1UURdOV8yYNyvRU="></latexit>

H2

<latexit sha1_base64="bvjYySn1uNQqRT9qirlAZYk+Bw0="></latexit>

H1

Idea
Regret minimization for optimal adaptation to unmodeled disturbances

§ Learn the best behavior in hindsight

§ Literature on regret in control: no safety, suboptimal [Agarwal et al., 2019], [Cohen et al., 2019], [Sabag et al., 2021]…



Regret Minimization for LQ Problems
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<latexit sha1_base64="VMG+f72KZ5N4kS3U/q02v03hRUY="></latexit>

ut =Ktxt +Kt−1xt−1 +� +K0x0

The realized Linear Quadratic cost is written as

i.e., a function of chosen policy and realized disturbances

<latexit sha1_base64="HbQZFOeYeoAS36whl0GJNKQeng4="></latexit>

xTx + uTu = J(K,w)

Proposal: minimize cost with respect to the      we would have chosen, had we known  

§ and         costs: minimize expected value or max of                over

§ Only good if      is Gaussian (     ) or worst-case (       )

<latexit sha1_base64="WaRrARoX8bOi5h9onBacwpMmGRs="></latexit>

H2

<latexit sha1_base64="eNc/yTmtAL7Wt4btjc+pCZaKmEA="></latexit>

H1
<latexit sha1_base64="TehGtJV9i7D2LG/u1qK9QiLP498="></latexit>

J(K,w)
<latexit sha1_base64="FqsylfWrPDy1BjphsZlU6UsKOwc="></latexit>w

<latexit sha1_base64="FqsylfWrPDy1BjphsZlU6UsKOwc="></latexit>w
<latexit sha1_base64="WaRrARoX8bOi5h9onBacwpMmGRs="></latexit>

H2
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H1
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Regret

<latexit sha1_base64="E6DKORtgmU+FtQr6h5KwEANNZKo="></latexit>

ũ?
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min
K

max
|w|21


J(K,w)�min

ũ(w)
x̃T x̃+ ũT ũ

�causal

non-causal



Learning from the Optimal Non-causal Policy
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§ Since                          , best non-causal policy given by: 

… Remark: despite being linear, also optimal among nonlinear non-causal policies!

§ Interpretation: optimal non-causal policy teaches what      is worth fighting against!<latexit sha1_base64="FqsylfWrPDy1BjphsZlU6UsKOwc="></latexit>w

Different realizations of <latexit sha1_base64="FqsylfWrPDy1BjphsZlU6UsKOwc="></latexit>w

<latexit sha1_base64="wHTx75BgMBZ32w1QxgWe3b8HKPY="></latexit>

min
K

max
|w|21

[J(K,w)� min
ũ(w)

x̃T x̃+ ũT ũ]

Realized
cost

<latexit sha1_base64="vqJ+KIjkm6A/0FipZAwOOBkPets="></latexit>

J?(w)

<latexit sha1_base64="RstJ6yFmEGUwSi1tDgQM5HyXmrE="></latexit>

J(K,w)

max. regret

“Not worth fighting against”

“Worth fighting against”

“Goal: minimize the max. regret”

<latexit sha1_base64="sKDFYMiJx1su7uDzsqyuf2IDR10="></latexit>

ũ?(w) = �(I +GGT )�1GTFw =  ?w

<latexit sha1_base64="uwrsQRCacR6JbUkRrevkpQl5vl4="></latexit>

x̃ = Gũ+ Fw

<latexit sha1_base64="Yx2eLKRNY3edSRelZ2jOI1By4M4="></latexit>

wTFT (I +GGT )�1Fw



Main Result: System Level Synthesis for Safe 
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<latexit sha1_base64="wHTx75BgMBZ32w1QxgWe3b8HKPY="></latexit>

min
K

max
|w|21

[J(K,w)� min
ũ(w)

x̃T x̃+ ũT ũ]§ The regret-minimization control problem

is equivalent to

§ Can easily add safety constraints                                

§ … also on the non-causal policy à define a more realistic benchmark!

<latexit sha1_base64="N2fjX3p4NwOhM4zhi0TS7ZLAxm8="></latexit>

min
�=[�x �u]

�max

⇣
�T�� ?T ?

⌘

subject to �x = G�u + F

� are causal
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ũ?
2
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5 =  ?w =
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à Convex design of safe and regret-optimal control policies

<latexit sha1_base64="nNQqU6KGLWmEh+qrKBQ0jd2FBdM="></latexit>

xt 2 X , ut 2 U , 8t, 8wt 2 W
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Numerical Examples
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§ wins for Gaussian    , and       wins 
for worst-case    , as expected
§ Regret only slightly worse

§ Regret achieves better performance 
for all non-classical     realizations!

<latexit sha1_base64="y7LlVqxPUJ5Er0jtwfjZoLzbLrU="></latexit>w
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A New Paradigm in Control?
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§ Connections with Imitation Learning 
[“Follow the Clairvoyant: An Imitation Learning Approach to Optimal Control”, Andrea Martin, Luca Furieri, Florian Dorfler, John Lygeros, Giancarlo Ferrari-Trecate, IFAC 2023]

§ Unconstrained case: Regret Minimization = Imitation Learning
§ Constrained case: Imitation Learning > Regret Minimization!

§ Receding-horizon regret minimization (MPC)
[“On the Guarantees of Minimizing Regret in a Receding Horizon”, Andrea Martin, Luca Furieri, Florian Dorfler, John Lygeros, Giancarlo Ferrari-Trecate, under review]

§ Main result: stability analysis using regret-based cost
§ Benefit: outperforms standard               receding horizon performance

§ Even when optimizing less frequently (i.e., every 10 time steps…)!

<latexit sha1_base64="IA7Mqm5Ozs56WNaoTl+gTln3wi4="></latexit>

� = “Di↵erence between causal and optimal non-causal trajectories”
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A New Paradigm in Control?
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§ Optimal distributed control by minimizing “Spatial Regret”

Work in progress

What would have I done, had I seen further in space?”

<latexit sha1_base64="FqsylfWrPDy1BjphsZlU6UsKOwc="></latexit>w

Further in space communication
(ideal benchmark policy) 

§ Outperform                 against  localized 
disturbances in large-scale control systems

§ Combine with “further in time” non-causal 
benchmarks

Daniele Martinelli (SNSF PhD student)

<latexit sha1_base64="lBXI7wzuMUH1JSucrI0DX3L6vJ0="></latexit>
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Outlook: Towards Scalable Nonlinear Design
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Neural SLS

+ Learning over ALL policies

Regret minimization

+ Non-vanishing gradients
+ Distributed guarantees + Adaptive performance

pH Neural Control

Modular Design
(Retrofit?)
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Thank you for your attention!


