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Boosting Closed-loop Performance by 
Learning over Stabilizing Policies
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Neural network control

§ Flexibility of NN controllers, optimization of complex costs

[Youssef et al., ‘20] [Kaufmann et al., ‘23][Kalashnikov et al., ‘18]

Success stories in robotics

§ Safety and stability guarantees for general NL systems
§ Model-based: [Richards et al., ‘18], [Chang et al., ‘19], [Dawson et al., ‘23], …

§ Data-driven: [Berkenkamp et al., ‘17], [Recht, ‘18], [Jin & Lavaei, ‘18], …
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Frequent availability of
§ System models 
§ Simple stabilizing controllers around an equilibrium or a reference

Common scenario in engineering
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Frequent availability of
§ System models 
§ Simple stabilizing controllers around an equilibrium or a reference

Common scenario in engineering

Example: Modular “origami” robot[1]

§ Triangular modules that change shape and rotate around joints
§ Polygonal meshes for several functions 

4x speed

[1] Belke, C.H., et al. "Morphological flexibility in robotic systems through physical polygon meshing." Nature Machine Intelligence, 2023

4x speed

Distributed PID control
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Improve performance without compromising stability?

Frequent availability of
§ System models 
§ Simple stabilizing controllers around an equilibrium or a reference

Common scenario in engineering
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Performance boosting

<latexit sha1_base64="JYPxNOjndfVSVRPhhLCvmJa6dZQ="></latexit>w
System

§ Nonlinear, interconnected, stable/pre-stabilized
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Performance boosting

<latexit sha1_base64="pqb9v8ozjIXXsH6c+JI26Aw67k0="></latexit>x<latexit sha1_base64="NjJrO00M6rN28jzEW3vUSihYWWQ="></latexit>u
<latexit sha1_base64="qYiTMtp11gAG5G7Pby8ogbAi3So="></latexit>

K (·)

<latexit sha1_base64="JYPxNOjndfVSVRPhhLCvmJa6dZQ="></latexit>w

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

Performance-boosting controller
§ Stability-preserving, distributed,

optimizing complex costs
§ Performance = task execution, safety,

robustness, …

System
§ Nonlinear, interconnected, stable/pre-stabilized
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Performance boosting

<latexit sha1_base64="pqb9v8ozjIXXsH6c+JI26Aw67k0="></latexit>x<latexit sha1_base64="NjJrO00M6rN28jzEW3vUSihYWWQ="></latexit>u

<latexit sha1_base64="JYPxNOjndfVSVRPhhLCvmJa6dZQ="></latexit>w

<latexit sha1_base64="582KcSlfCSdpT8KCEpdzybQ+AJg="></latexit>

✓

<latexit sha1_base64="qYiTMtp11gAG5G7Pby8ogbAi3So="></latexit>

K (·)

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

Goals
§ Leverage NNs flexibility
§ Harness open-loop stability for control design

Performance-boosting controller
§ Stability-preserving, distributed,

optimizing complex costs
§ Performance = task execution, safety,

robustness, …

System
§ Nonlinear, interconnected, stable/pre-stabilized
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Outline

Part 1 (Gianni): Design of performance-boosting policies
§ Parametrization of all stabilizing controllers
§ NN models of stable operators

§ Solving NOC through NN training

<latexit sha1_base64="pqb9v8ozjIXXsH6c+JI26Aw67k0="></latexit>x<latexit sha1_base64="NjJrO00M6rN28jzEW3vUSihYWWQ="></latexit>u

<latexit sha1_base64="JYPxNOjndfVSVRPhhLCvmJa6dZQ="></latexit>w

<latexit sha1_base64="582KcSlfCSdpT8KCEpdzybQ+AJg="></latexit>

✓

<latexit sha1_base64="qYiTMtp11gAG5G7Pby8ogbAi3So="></latexit>

K (·)

Part 2 (Luca): Extensions for real-world deployment
§ Tackling the remaining challenges

§ Uncertain models, output feedback, distributed…
§ Lessons from RL: how to shape your cost function
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Setup and notation
Time-varying, nonlinear, controlled system

<latexit sha1_base64="2xES7bxdmf9G9AeqXxPE2CKlH7U="></latexit>(
xt = ft (xt�1, ut�1) + wt

ut = Kt (xt :0)
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<latexit sha1_base64="2xES7bxdmf9G9AeqXxPE2CKlH7U="></latexit>(
xt = ft (xt�1, ut�1) + wt

ut = Kt (xt :0)

Setup and notation

Dynamic controller
Process noise

Time-varying, nonlinear, controlled system
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Setup and notation
Time-varying, nonlinear, controlled system

Operator model
<latexit sha1_base64="X78/2vQvZ98ObuKS1S94DPf1OEo="></latexit>(

x = F(x, u) + w
u = K(x)

<latexit sha1_base64="jnemO4hntPGLMOrnbuFQESVEwDA="></latexit>

K(x) = (K0(x0), K1(x1:0), ...)

<latexit sha1_base64="+tvg9CBxPtjLs8dbPvi36/rDzps="></latexit>

x = (x0, x1, ...)

<latexit sha1_base64="2xES7bxdmf9G9AeqXxPE2CKlH7U="></latexit>(
xt = ft (xt�1, ut�1) + wt

ut = Kt (xt :0)
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Operator model
<latexit sha1_base64="X78/2vQvZ98ObuKS1S94DPf1OEo="></latexit>(

x = F(x, u) + w
u = K(x)

Setup and notation
Time-varying, nonlinear, controlled system

<latexit sha1_base64="jnemO4hntPGLMOrnbuFQESVEwDA="></latexit>

K(x) = (K0(x0), K1(x1:0), ...)

<latexit sha1_base64="+tvg9CBxPtjLs8dbPvi36/rDzps="></latexit>

x = (x0, x1, ...)

<latexit sha1_base64="2xES7bxdmf9G9AeqXxPE2CKlH7U="></latexit>(
xt = ft (xt�1, ut�1) + wt

ut = Kt (xt :0)

<latexit sha1_base64="UeSxzU9mIDNDumZTcoIxCS7mY80="></latexit>

LTI system: xt = Axt�1 + But�1 + wt

<latexit sha1_base64="6g8sjN4rFp+a36WW7Nad3pHEgTI="></latexit>2

6664

x0

x1

x2
...

3

7775
=

2

6664

0 0 0 · · ·
A 0 0 · · ·
0 A 0 · · ·
...

...
... . . .

3

7775

2

6664

x0

x1

x2
...

3

7775
+

2

6664

0 0 0 · · ·
B 0 0 · · ·
0 B 0 · · ·
...

...
... . . .

3

7775

2

6664

u0

u1

u2
...

3

7775
+

2

6664

x0

w1

w2
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3

7775
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Setup and notation
Time-varying, nonlinear, controlled system

Operator model
<latexit sha1_base64="X78/2vQvZ98ObuKS1S94DPf1OEo="></latexit>(

x = F(x, u) + w
u = K(x)

<latexit sha1_base64="jnemO4hntPGLMOrnbuFQESVEwDA="></latexit>

K(x) = (K0(x0), K1(x1:0), ...)

<latexit sha1_base64="+tvg9CBxPtjLs8dbPvi36/rDzps="></latexit>

x = (x0, x1, ...)

<latexit sha1_base64="2xES7bxdmf9G9AeqXxPE2CKlH7U="></latexit>(
xt = ft (xt�1, ut�1) + wt

ut = Kt (xt :0)

<latexit sha1_base64="uP/tnFaYxoWkRQIQ9XWiJ+vz0M4="></latexit>

L2-stability
<latexit sha1_base64="qkC3hSktF/jUSZKhRzoYI2kTyk4="></latexit>

⌅ A is a stable operator if it is causal and A(x) 2 `2, 8x 2 `2

– For short: A 2 L2

<latexit sha1_base64="CtBRuCkqnyS+mXeMT0ltwHl4B28="></latexit>

x 2 `2 if
P1

t=0 kxtk2 < 1
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Setup and notation
Time-varying, nonlinear, controlled system

Operator model
<latexit sha1_base64="X78/2vQvZ98ObuKS1S94DPf1OEo="></latexit>(

x = F(x, u) + w
u = K(x)

<latexit sha1_base64="jnemO4hntPGLMOrnbuFQESVEwDA="></latexit>

K(x) = (K0(x0), K1(x1:0), ...)

<latexit sha1_base64="+tvg9CBxPtjLs8dbPvi36/rDzps="></latexit>

x = (x0, x1, ...)

<latexit sha1_base64="2xES7bxdmf9G9AeqXxPE2CKlH7U="></latexit>(
xt = ft (xt�1, ut�1) + wt

ut = Kt (xt :0)

<latexit sha1_base64="HfsH5aiyoIayd01bsBLLaQchA08="></latexit>

F
<latexit sha1_base64="ge4dmMwYW2LjF/zjTEKgtL9BQF4="></latexit>

K
<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x

<latexit sha1_base64="uP/tnFaYxoWkRQIQ9XWiJ+vz0M4="></latexit>

L2-stability

<latexit sha1_base64="9M/wsigHm0s+2pB+WqgO3v7k8QE="></latexit>

Closed-loop (CL) stability: the operators w ! x
and w ! u are stable

<latexit sha1_base64="qkC3hSktF/jUSZKhRzoYI2kTyk4="></latexit>

⌅ A is a stable operator if it is causal and A(x) 2 `2, 8x 2 `2

– For short: A 2 L2

<latexit sha1_base64="CtBRuCkqnyS+mXeMT0ltwHl4B28="></latexit>

x 2 `2 if
P1

t=0 kxtk2 < 1



E
C

C
24

 W
or

ks
ho

p
G

. Ferrari Trecate &
 L. Furieri

Parametrization of all stabilizing controllers[1,2]
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024
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<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="j83hqz4KJ5n06eGSvS9kDZkx5KE="></latexit>

Free L2 operator

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

Parametrization of all stabilizing controllers[1,2]

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024



E
C

C
24

 W
or

ks
ho

p
G

. Ferrari Trecate &
 L. Furieri

<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="Gn7T2GTVL8VrzlBa2AInuorL4EA="></latexit>

Free Lp operatorMain result
<latexit sha1_base64="Y2A3JhgIkhuTPFOlrJbTSeB3BIc="></latexit>

If the open-loop system is stable
<latexit sha1_base64="6Fk2czEyx88T66QUSIBxUZblVSM="></latexit>

()) If M(·) 2 L2 the CL system is stable

(() If there is K0 providing stable CL operators w ! x and w ! u, then
9M(·) 2 L2 providing the same CL operators

Parametrization of all stabilizing controllers[1,2]

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024
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<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="OXMMZ0INwYxorklG1YLmuOjDgZU="></latexit>

Idea behind ()): no model mismatch yield ŵ = w, opening the loop

<latexit sha1_base64="Gn7T2GTVL8VrzlBa2AInuorL4EA="></latexit>

Free Lp operatorMain result
<latexit sha1_base64="Y2A3JhgIkhuTPFOlrJbTSeB3BIc="></latexit>

If the open-loop system is stable
<latexit sha1_base64="6Fk2czEyx88T66QUSIBxUZblVSM="></latexit>

()) If M(·) 2 L2 the CL system is stable

(() If there is K0 providing stable CL operators w ! x and w ! u, then
9M(·) 2 L2 providing the same CL operators

Parametrization of all stabilizing controllers[1,2]

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024
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IMC and Youla parametrization

Nonlinear I/O IMC structure from [1]

<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

[1] Economou, C. G., M. Morari, and B. O. Palsson. "Internal model control: Extension to nonlinear system." Industrial & Engineering Chemistry Process Design and Development, 1986
[2] Garcia, C. E., and M. Morari. "Internal model control. A unifying review and some new results." Industrial & Engineering Chemistry Process Design and Development, 1982
[3] C.A. Desoer, R.-W. Liu. “Global parametrization of feedback systems with nonlinear plants”, Systems & Control Letters, 1982

§ Internal Model Control[1,2]

§ Sufficient for stability[1] if P=M in the I/O setting,
also necessary for LTI systems[2]

§ IMC for setpoint tracking [1,2]

§ Problem: C must “invert” the plant [1]

§ Nonlinear Youla parametrization[3]
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Next question
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="UkNVGt5dwb3iOV/WZ2Vj7P9NRWY="></latexit>

How to implement stable operators?
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Models of stable operators
<latexit sha1_base64="bo4TlnXwWcP1YO1/HHUtYVtcMSE="></latexit>

Finite-dimensional parametrizations of M✓ 2 L2

⌅ Linear operators M✓ =
PN

h=0
Mh
zh (FIR models)

⌅ Nonlinear operators?
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Models of stable operators
<latexit sha1_base64="bo4TlnXwWcP1YO1/HHUtYVtcMSE="></latexit>

Finite-dimensional parametrizations of M✓ 2 L2

⌅ Linear operators M✓ =
PN

h=0
Mh
zh (FIR models)

⌅ Nonlinear operators?
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Models of stable operators

’21, ‘23

<latexit sha1_base64="4GvIxEspxw83K+RseQ0oLATdmxg="></latexit>

L2

<latexit sha1_base64="cpXJbKuH2MfDWG3rdghPeZlYK1U="></latexit>

✓
’18, ‘23

’22

<latexit sha1_base64="bo4TlnXwWcP1YO1/HHUtYVtcMSE="></latexit>

Finite-dimensional parametrizations of M✓ 2 L2

⌅ Linear operators M✓ =
PN

h=0
Mh
zh (FIR models)

⌅ Nonlinear operators?
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Models of stable operators

’21, ‘23

<latexit sha1_base64="4GvIxEspxw83K+RseQ0oLATdmxg="></latexit>

L2

<latexit sha1_base64="cpXJbKuH2MfDWG3rdghPeZlYK1U="></latexit>

✓
’18, ‘23

’22

<latexit sha1_base64="bo4TlnXwWcP1YO1/HHUtYVtcMSE="></latexit>

Finite-dimensional parametrizations of M✓ 2 L2

⌅ Linear operators M✓ =
PN

h=0
Mh
zh (FIR models)

⌅ Nonlinear operators?
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Recurrent Equilibrium Networks (RENs)[1,2]

[2] Revay, M, R. Wang, and I.R. Manchester. "Recurrent equilibrium networks: Flexible dynamic models with guaranteed stability and robustness." IEEE TAC 2023
[1] Kim, K. K., E. Ríos Patrón, and R. D. Braatz. "Standard representation and unified stability analysis for dynamic artificial neural network models." Neural Networks 2018

<latexit sha1_base64="6PYYi4u4M3e0wuGSssvJgkHemx8="></latexit>�

<latexit sha1_base64="X/PvpZGUaEvXoTuVBiz+ejDZRMU="></latexit>

LTI<latexit sha1_base64="wcwAGmlqHS+fwa5tVcbiCREjGH8="></latexit>

⇠

<latexit sha1_base64="+3BnX1KeuscdLsuYOo1WhRvMM8Q="></latexit>z

<latexit sha1_base64="cZwCvbh3xZGuBT3jqzGDweTIELs="></latexit>u <latexit sha1_base64="nENyGugWe5qLE9zE+i6uTUo0lBY="></latexit>

ŵ

<latexit sha1_base64="pDafh4Wt4fQJc96IvpzOk0ASz7Y="></latexit>

✓ = (A, B, C, D)

<latexit sha1_base64="KuqvF1lUdXDPNfe7dlh9GDacn7U="></latexit>

MREN(·)
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Recurrent Equilibrium Networks (RENs)[1,2]

[2] Revay, M, R. Wang, and I.R. Manchester. "Recurrent equilibrium networks: Flexible dynamic models with guaranteed stability and robustness." IEEE TAC 2023
[1] Kim, K. K., E. Ríos Patrón, and R. D. Braatz. "Standard representation and unified stability analysis for dynamic artificial neural network models." Neural Networks 2018

<latexit sha1_base64="6PYYi4u4M3e0wuGSssvJgkHemx8="></latexit>�

<latexit sha1_base64="X/PvpZGUaEvXoTuVBiz+ejDZRMU="></latexit>

LTI<latexit sha1_base64="wcwAGmlqHS+fwa5tVcbiCREjGH8="></latexit>

⇠

<latexit sha1_base64="+3BnX1KeuscdLsuYOo1WhRvMM8Q="></latexit>z

<latexit sha1_base64="cZwCvbh3xZGuBT3jqzGDweTIELs="></latexit>u <latexit sha1_base64="nENyGugWe5qLE9zE+i6uTUo0lBY="></latexit>

ŵ

<latexit sha1_base64="pDafh4Wt4fQJc96IvpzOk0ASz7Y="></latexit>

✓ = (A, B, C, D)

<latexit sha1_base64="KuqvF1lUdXDPNfe7dlh9GDacn7U="></latexit>

MREN(·)

<latexit sha1_base64="BhepG39xy2XRalIHOXtJXCF9fBk="></latexit>

⌅ Expressive models including
<latexit sha1_base64="JtIks2tnfdTEIcU37DiQX6tD0EI="></latexit>

⇠t = Â⇠t�1 + B̂ NN⇠(⇠t�1, ŵt )

ut = Ĉ⇠t + D̂ NNu(⇠t�1, ŵt )
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Recurrent Equilibrium Networks (RENs)[1,2]

[2] Revay, M, R. Wang, and I.R. Manchester. "Recurrent equilibrium networks: Flexible dynamic models with guaranteed stability and robustness." IEEE TAC 2023
[1] Kim, K. K., E. Ríos Patrón, and R. D. Braatz. "Standard representation and unified stability analysis for dynamic artificial neural network models." Neural Networks 2018

<latexit sha1_base64="6PYYi4u4M3e0wuGSssvJgkHemx8="></latexit>�

<latexit sha1_base64="X/PvpZGUaEvXoTuVBiz+ejDZRMU="></latexit>

LTI<latexit sha1_base64="wcwAGmlqHS+fwa5tVcbiCREjGH8="></latexit>

⇠

<latexit sha1_base64="+3BnX1KeuscdLsuYOo1WhRvMM8Q="></latexit>z

<latexit sha1_base64="cZwCvbh3xZGuBT3jqzGDweTIELs="></latexit>u <latexit sha1_base64="nENyGugWe5qLE9zE+i6uTUo0lBY="></latexit>

ŵ

<latexit sha1_base64="pDafh4Wt4fQJc96IvpzOk0ASz7Y="></latexit>

✓ = (A, B, C, D)

<latexit sha1_base64="KuqvF1lUdXDPNfe7dlh9GDacn7U="></latexit>

MREN(·)

<latexit sha1_base64="dCQ5GaBHfwc7j2PsossfQGXhqfE="></latexit>

V (⇠t+1) � V (⇠t )  �2kŵtk � kutk

<latexit sha1_base64="BhepG39xy2XRalIHOXtJXCF9fBk="></latexit>

⌅ Expressive models including

<latexit sha1_base64="AWIt8plpxDd2Vp53WSIci7ThAA4="></latexit>

⌅ MREN 2 L2 if there is a storage function V (⇠) = ⇠T P⇠ verifying

<latexit sha1_base64="Y3HyNERQNmL7+kdgar0kA3++h5M="></latexit>

⌅ Free parametrization[2]: explicit map ⇥ 7! (✓, P) such that MREN 2 L2 for any ⇥ 2 Rd

– Limitations: contractive models, ✓ dense

<latexit sha1_base64="JtIks2tnfdTEIcU37DiQX6tD0EI="></latexit>

⇠t = Â⇠t�1 + B̂ NN⇠(⇠t�1, ŵt )

ut = Ĉ⇠t + D̂ NNu(⇠t�1, ŵt )
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<latexit sha1_base64="JtIks2tnfdTEIcU37DiQX6tD0EI="></latexit>

⇠t = Â⇠t�1 + B̂ NN⇠(⇠t�1, ŵt )

ut = Ĉ⇠t + D̂ NNu(⇠t�1, ŵt )

Recurrent Equilibrium Networks (RENs)[1,2]

[2] Revay, M, R. Wang, and I.R. Manchester. "Recurrent equilibrium networks: Flexible dynamic models with guaranteed stability and robustness." IEEE TAC 2023
[1] Kim, K. K., E. Ríos Patrón, and R. D. Braatz. "Standard representation and unified stability analysis for dynamic artificial neural network models." Neural Networks 2018

<latexit sha1_base64="6PYYi4u4M3e0wuGSssvJgkHemx8="></latexit>�

<latexit sha1_base64="X/PvpZGUaEvXoTuVBiz+ejDZRMU="></latexit>

LTI<latexit sha1_base64="wcwAGmlqHS+fwa5tVcbiCREjGH8="></latexit>

⇠

<latexit sha1_base64="+3BnX1KeuscdLsuYOo1WhRvMM8Q="></latexit>z

<latexit sha1_base64="cZwCvbh3xZGuBT3jqzGDweTIELs="></latexit>u <latexit sha1_base64="nENyGugWe5qLE9zE+i6uTUo0lBY="></latexit>

ŵ

<latexit sha1_base64="pDafh4Wt4fQJc96IvpzOk0ASz7Y="></latexit>

✓ = (A, B, C, D)

<latexit sha1_base64="KuqvF1lUdXDPNfe7dlh9GDacn7U="></latexit>

MREN(·)

<latexit sha1_base64="dCQ5GaBHfwc7j2PsossfQGXhqfE="></latexit>

V (⇠t+1) � V (⇠t )  �2kŵtk � kutk

<latexit sha1_base64="BhepG39xy2XRalIHOXtJXCF9fBk="></latexit>

⌅ Expressive models including

<latexit sha1_base64="AWIt8plpxDd2Vp53WSIci7ThAA4="></latexit>

⌅ MREN 2 L2 if there is a storage function V (⇠) = ⇠T P⇠ verifying

<latexit sha1_base64="Y3HyNERQNmL7+kdgar0kA3++h5M="></latexit>

⌅ Free parametrization[2]: explicit map ⇥ 7! (✓, P) such that MREN 2 L2 for any ⇥ 2 Rd

– Limitations: contractive models, ✓ dense

More details in the next talk!



E
C

C
24

 W
or

ks
ho

p
G

. Ferrari Trecate &
 L. Furieri

Deep learning for solving NOC[1]
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024
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Deep learning for solving NOC[1]
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

<latexit sha1_base64="0/NUdz3uIyKPziVUcyZ5LgQopqo="></latexit>· · ·
<latexit sha1_base64="3wLTvYPttMCXXtiB+u2qLy6djvI="></latexit>

ŵs
1

<latexit sha1_base64="Q5RAFiPDV9ITF+kR+Kd8+DOCCQ8="></latexit>

ŵs
2

<latexit sha1_base64="Zhh+TYLIhafFR1Ww1d6G6mwjclY="></latexit>

xs
1

<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥
<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥

<latexit sha1_base64="rw70vBr7jl0TbtC1tNjV1O0cwzU="></latexit>

ws
0

<latexit sha1_base64="ift9xs2YfOR6jghYJCQ7E50bxbE="></latexit>

xs
2

<latexit sha1_base64="/C5QPU+qOxucWqYT9skS4ZAIob8="></latexit>

xs
t = ft (xs

t�1, us
t�1) + ws

t , xs
0 = ws

0 ,
<latexit sha1_base64="5Osm5xVrnWuIRisppJen0191yzI="></latexit>

such that

<latexit sha1_base64="cugeccOxp/KM6cMeBsz+dJA2wlk="></latexit>

min
⇥2Rd

1
S

SX

s=1

L(xs
0:T , us

0:T )

<latexit sha1_base64="0P854BJT8Yzxib/nJRX85kyMfOQ="></latexit>

us
1

<latexit sha1_base64="VdxJP0e4MTHuOeSWBt80GE6ea+o="></latexit>

us
2

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024
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<latexit sha1_base64="0/NUdz3uIyKPziVUcyZ5LgQopqo="></latexit>· · ·
<latexit sha1_base64="3wLTvYPttMCXXtiB+u2qLy6djvI="></latexit>

ŵs
1

<latexit sha1_base64="Q5RAFiPDV9ITF+kR+Kd8+DOCCQ8="></latexit>

ŵs
2

<latexit sha1_base64="Zhh+TYLIhafFR1Ww1d6G6mwjclY="></latexit>

xs
1

<latexit sha1_base64="IO/1vabWrLyo3KJ3O2Zn2+84a0M="></latexit>

t = 1
<latexit sha1_base64="sQpvpwJSdMrK1CVg5Vh3UwMhBEI="></latexit>

t = 2

<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥
<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥

<latexit sha1_base64="rw70vBr7jl0TbtC1tNjV1O0cwzU="></latexit>

ws
0

<latexit sha1_base64="ift9xs2YfOR6jghYJCQ7E50bxbE="></latexit>

xs
2

<latexit sha1_base64="/C5QPU+qOxucWqYT9skS4ZAIob8="></latexit>

xs
t = ft (xs

t�1, us
t�1) + ws

t , xs
0 = ws

0 ,
<latexit sha1_base64="5Osm5xVrnWuIRisppJen0191yzI="></latexit>

such that

<latexit sha1_base64="cugeccOxp/KM6cMeBsz+dJA2wlk="></latexit>

min
⇥2Rd

1
S

SX

s=1

L(xs
0:T , us

0:T )

<latexit sha1_base64="0P854BJT8Yzxib/nJRX85kyMfOQ="></latexit>

us
1

<latexit sha1_base64="VdxJP0e4MTHuOeSWBt80GE6ea+o="></latexit>

us
2

Deep learning for solving NOC[1]
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

Rollout in time

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024



E
C

C
24

 W
or

ks
ho

p
G

. Ferrari Trecate &
 L. Furieri

Deep learning for solving NOC[1]
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)
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ŵ

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

<latexit sha1_base64="0/NUdz3uIyKPziVUcyZ5LgQopqo="></latexit>· · ·
<latexit sha1_base64="3wLTvYPttMCXXtiB+u2qLy6djvI="></latexit>

ŵs
1

<latexit sha1_base64="Q5RAFiPDV9ITF+kR+Kd8+DOCCQ8="></latexit>

ŵs
2

<latexit sha1_base64="Zhh+TYLIhafFR1Ww1d6G6mwjclY="></latexit>

xs
1

<latexit sha1_base64="IO/1vabWrLyo3KJ3O2Zn2+84a0M="></latexit>

t = 1
<latexit sha1_base64="sQpvpwJSdMrK1CVg5Vh3UwMhBEI="></latexit>

t = 2

<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥
<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="twvs0r6pkjUgP9+y7uwObADx+SU="></latexit>

w-estimator
<latexit sha1_base64="/dhcKNP0cJJObto4reF/Iil+vQc="></latexit>

M⇥

<latexit sha1_base64="rw70vBr7jl0TbtC1tNjV1O0cwzU="></latexit>

ws
0

<latexit sha1_base64="ift9xs2YfOR6jghYJCQ7E50bxbE="></latexit>

xs
2

<latexit sha1_base64="/C5QPU+qOxucWqYT9skS4ZAIob8="></latexit>

xs
t = ft (xs

t�1, us
t�1) + ws

t , xs
0 = ws

0 ,
<latexit sha1_base64="5Osm5xVrnWuIRisppJen0191yzI="></latexit>

such that

<latexit sha1_base64="cugeccOxp/KM6cMeBsz+dJA2wlk="></latexit>

min
⇥2Rd

1
S

SX

s=1

L(xs
0:T , us

0:T )

<latexit sha1_base64="0P854BJT8Yzxib/nJRX85kyMfOQ="></latexit>

us
1

<latexit sha1_base64="VdxJP0e4MTHuOeSWBt80GE6ea+o="></latexit>

us
2

Rollout in time

<latexit sha1_base64="Q4plOp4MQ1TBqXXbZic2NuDvfG4="></latexit>

⌅ Free parametrization of M ! unconstrained optimization ! backprop
⌅ CL stability guaranteed even if optimization stops early

[1] L. Furieri, C. L. Galimberti, and GFT, “Neural System Level Synthesis: Learning over All Stabilizing Policies for Nonlinear Systems,” IEEE CDC 2022
[2] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024
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§ 2 robots: point-mass dynamics, nonlinear drag

The corridor problem
Targets

§ Goal: CL stability on targets, avoid collisions & obstacles
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 L. Furieri

The corridor problem

<latexit sha1_base64="ql7wi79CNnBtH7EgS7u21IgJz5g="></latexit>

L(·) = Ltarget (·) + Lcollisions(·) + Lobstacles(·)

<latexit sha1_base64="IB0wqgG/KBNICnoo1yRPAgb95b0="></latexit>

Lcollisions

Targets

§ Separation of concerns:
1. Design a simple stabilizing base controller

§ Linear spring at rest on target (overshoot, collisions….)
2. Performance-boosting controller minimizing

§ 2 robots: point-mass dynamics, nonlinear drag

§ Goal: CL stability on targets, avoid collisions & obstacles
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 L. Furieri

§ Upon training over a dataset 500 different initial conditions

The corridor problem

25% 50% 75%0%

§ CL stability guaranteed even with early stopping of training
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Outline

Part 1 (Gianni): Design of performance-boosting policies
§ Parametrization of all stabilizing controllers
§ NN models of stable operators

§ Solving NOC through NN training

Part 2 (Luca): Extensions for real-world deployment
§ Tackling the remaining challenges

§ Uncertain models, output feedback, distributed…
§ Lessons from RL: how to shape your cost function

<latexit sha1_base64="pqb9v8ozjIXXsH6c+JI26Aw67k0="></latexit>x<latexit sha1_base64="NjJrO00M6rN28jzEW3vUSihYWWQ="></latexit>u

<latexit sha1_base64="JYPxNOjndfVSVRPhhLCvmJa6dZQ="></latexit>w

<latexit sha1_base64="582KcSlfCSdpT8KCEpdzybQ+AJg="></latexit>

✓

<latexit sha1_base64="qYiTMtp11gAG5G7Pby8ogbAi3So="></latexit>

K (·)
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Crucial challenges
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="> </latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

§ Only know: 
§ Stability can be compromised!

§ estimated is not the real
§ … and is not in     .    

1) Inexact system models
<latexit sha1_base64="QQMa2Ow6mMnjVRuKdSJriwXgq2g="></latexit>

F̂(x,u) = (F+�)(x,u)

<latexit sha1_base64="LZPxdMsSj1/Qt8HYnEm0rP1NwKg="></latexit>

ŵ = x� F̂(x,u)
<latexit sha1_base64="BeACma6ZoybEkFYy3TTNIXxJQIE="></latexit>

w!
<latexit sha1_base64="lbXJgXJjuomy+47QweUtxJMtkCo="></latexit>

`2

2) Noisy outputs
<latexit sha1_base64="XzVXEqg/nDXzsiehBhL9mcMkLZo="></latexit>

y = H(x) + v

<latexit sha1_base64="mHAbvJ0j/Qq2X7iQ4oOi2cGinEw="></latexit>

(w,v) ! (u,x,y)

§ Only know:
§ Intricate closed-loop map

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x

Performance-boosting operator

3) Local measurements<latexit sha1_base64="ffCPZpKiPU7o8go815RQFemek+c="></latexit>

K3

<latexit sha1_base64="pfEojDCPLy63wV96rNhSO4aHlmI="></latexit>

K2
<latexit sha1_base64="vYIRH3CgwFvVM8zbZVVPfkfkJIU="></latexit>

K1
<latexit sha1_base64="W+VqSvZVj4qlZoiEkou+qxDMuNU="></latexit>

1
<latexit sha1_base64="kNQI9xZm+/7+OAjpKAzu6GkOdYE="></latexit>

2

<latexit sha1_base64="KpD0i4Mwm/ChN0eT3WqxLB+HCNU="></latexit>

3

<latexit sha1_base64="UuAZNKwqgOGGdweAOjWIRgzVPpw="></latexit>w1
<latexit sha1_base64="An2MZgU7OaBQNFKcrBIxrKiQq70="></latexit>w2

<latexit sha1_base64="YCLx9CCfdinJqwbIyox9Ldih71U="></latexit>w3
§ Distributed performance-boosting?

<latexit sha1_base64="CJiiVrFAy1LwacETymR44+z/gZI="></latexit>

F̂(x,u)
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Crucial challenges 
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="> </latexit>M(·)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

§ Only know: 
§ Stability is compromised!

§ estimated is not the real
§ … and is not in     .    

1) Inexact system models
<latexit sha1_base64="QQMa2Ow6mMnjVRuKdSJriwXgq2g="></latexit>

F̂(x,u) = (F+�)(x,u)

<latexit sha1_base64="LZPxdMsSj1/Qt8HYnEm0rP1NwKg="></latexit>

ŵ = x� F̂(x,u)
<latexit sha1_base64="BeACma6ZoybEkFYy3TTNIXxJQIE="></latexit>

w!
<latexit sha1_base64="lbXJgXJjuomy+47QweUtxJMtkCo="></latexit>

`2

Performance-boosting operator

<latexit sha1_base64="CJiiVrFAy1LwacETymR44+z/gZI="></latexit>

F̂(x,u)
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The robust NOC problem

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

<latexit sha1_base64="xNMLo2j2qe7Dwi0xwH6PhyOKzII=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae2pWTSTBuayQzJHbEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnN5nffuTaiEjd4zTm/ZCOlAgEo2ilh15IcewH6dNsUK64VXcOskq8nFQgR2NQ/uoNI5aEXCGT1Jiu58bYT6lGwSSflXqJ4TFlEzriXUsVDbnpp/PEM3JmlSEJIm2fQjJXf2+kNDRmGvp2Mktolr1M/M/rJhjU+qlQcYJcscVHQSIJRiQ7nwyF5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V9XLu8tKvZbXUYQTOIVz8OAa6nALDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MH/SWRGw==</latexit>x
<latexit sha1_base64="zh3QgvxM0wmxPUiY2CrYwc6XDwI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LblxWsA9sh5JJ77ShmcyQZIQy9C/cuFDErX/jzr8xbWehrQcCh3PuJeeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpsR9RMw7CLJ0NyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFoln5MIqQxLGyj5pyEL9vZHRSOtpFNjJeUK96s3F/7xeasK6n3GZpAYlW34UpoKYmMzPJ0OukBkxtYQyxW1WwsZUUWZsSSVbgrd68jppX1W962rtvlZp1PM6inAG53AJHtxAA+6gCS1gIOEZXuHN0c6L8+58LEcLTr5zCn/gfP4A+JaRGA==</latexit>u

<latexit sha1_base64="3qvwbnTUgr8mMKYjo63vRzc0J3Q=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae2pWTSTBuayQzJHaUM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnN5nffuTaiEjd4zTm/ZCOlAgEo2ilh15IcewH6dNsUK64VXcOskq8nFQgR2NQ/uoNI5aEXCGT1Jiu58bYT6lGwSSflXqJ4TFlEzriXUsVDbnpp/PEM3JmlSEJIm2fQjJXf2+kNDRmGvp2Mktolr1M/M/rJhjU+qlQcYJcscVHQSIJRiQ7nwyF5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V9XLu8tKvZbXUYQTOIVz8OAa6nALDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MH+6CRGg==</latexit>w
<latexit sha1_base64="DErlcaSbENbGzZbvlTvU041TXZM="></latexit>

F(x,u)
<latexit sha1_base64="7Prwje+ISsRX4hsuh1LoydPDeXY="></latexit>

F̂(x,u)
<latexit sha1_base64="bEMnKAo+w0F1YFumdQgBa807ymg="></latexit>

+� =
unknown

<latexit sha1_base64="MUbq6JuEFY1gaLlRO7WoTvdhKJg="></latexit>

for each possible �

<latexit sha1_base64="EVRAQS3gzt6r5StT+PeLozY76jw="></latexit>

s.t. CLOSED-LOOP STABILITY

§ Assumption: !!! Incrementally??? bounded uncertainty
§ A

§ Uncertainty gain           estimated from data (e.g., bootstrapping techniques)
§ as a function of #samples… open challenge![1] 

<latexit sha1_base64="Ng7LtxOM9F75pBsgp9oGHWK+d4s="></latexit>

||�(a)��(b)||  �(�)||a� b||
<latexit sha1_base64="mRkSUomxeEYgO+cKv7OizXTsWSo="></latexit>

�(�)
<latexit sha1_base64="mRkSUomxeEYgO+cKv7OizXTsWSo="></latexit>

�(�)

[1] Tsiamis, A., Ziemann, I., Matni, N., & Pappas, G. J. (2023). Statistical learning theory for control: A finite-sample perspective. IEEE Control Systems Magazine, 43(6), 67-97.

<latexit sha1_base64="An+M3euA2vwaJwlYO8avNwWC/2g=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJSO2y4EZwU8E+oA1lMp20QycPZiZiiVn4K25cKOLW33Dn3zhpI2jrgYHDOfdyzxw34kwqy/oylpZXVtfWCxvFza3tnV1zb78lw1gQ2iQhD0XHxZJyFtCmYorTTiQo9l1O2+74MvPbd1RIFga3ahJRx8fDgHmMYKWlvnnY87EauV5ynZZ/6H162jdLVsWaAi0SOyclyNHom5+9QUhinwaKcCxl17Yi5SRYKEY4TYu9WNIIkzEe0q6mAfapdJJp/hSdaGWAvFDoFyg0VX9vJNiXcuK7ejKLKOe9TPzP68bKqzkJC6JY0YDMDnkxRypEWRlowAQlik80wUQwnRWRERaYKF1ZUZdgz395kbTOKna1Ur05L9VreR0FOIJjKIMNF1CHK2hAEwg8wBO8wKvxaDwbb8b7bHTJyHcO4A+Mj28gSZYo</latexit>

K(x)
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A naïve small-gain approach

<latexit sha1_base64="xNMLo2j2qe7Dwi0xwH6PhyOKzII=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae2pWTSTBuayQzJHbEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnN5nffuTaiEjd4zTm/ZCOlAgEo2ilh15IcewH6dNsUK64VXcOskq8nFQgR2NQ/uoNI5aEXCGT1Jiu58bYT6lGwSSflXqJ4TFlEzriXUsVDbnpp/PEM3JmlSEJIm2fQjJXf2+kNDRmGvp2Mktolr1M/M/rJhjU+qlQcYJcscVHQSIJRiQ7nwyF5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V9XLu8tKvZbXUYQTOIVz8OAa6nALDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MH/SWRGw==</latexit>x

<latexit sha1_base64="zh3QgvxM0wmxPUiY2CrYwc6XDwI=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxI0S4LblxWsA9sh5JJ77ShmcyQZIQy9C/cuFDErX/jzr8xbWehrQcCh3PuJeeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpsR9RMw7CLJ0NyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFoln5MIqQxLGyj5pyEL9vZHRSOtpFNjJeUK96s3F/7xeasK6n3GZpAYlW34UpoKYmMzPJ0OukBkxtYQyxW1WwsZUUWZsSSVbgrd68jppX1W962rtvlZp1PM6inAG53AJHtxAA+6gCS1gIOEZXuHN0c6L8+58LEcLTr5zCn/gfP4A+JaRGA==</latexit>u

<latexit sha1_base64="3qvwbnTUgr8mMKYjo63vRzc0J3Q=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIaJcFNy4r2Ae2pWTSTBuayQzJHaUM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnN5nffuTaiEjd4zTm/ZCOlAgEo2ilh15IcewH6dNsUK64VXcOskq8nFQgR2NQ/uoNI5aEXCGT1Jiu58bYT6lGwSSflXqJ4TFlEzriXUsVDbnpp/PEM3JmlSEJIm2fQjJXf2+kNDRmGvp2Mktolr1M/M/rJhjU+qlQcYJcscVHQSIJRiQ7nwyF5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V9XLu8tKvZbXUYQTOIVz8OAa6nALDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MH+6CRGg==</latexit>w

<latexit sha1_base64="yRZnvz2iL9EqF9NJtZHSB+aT0PA="></latexit>

+�
unknown

<latexit sha1_base64="7Prwje+ISsRX4hsuh1LoydPDeXY="></latexit>

F̂(x,u)

<latexit sha1_base64="An+M3euA2vwaJwlYO8avNwWC/2g=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJSO2y4EZwU8E+oA1lMp20QycPZiZiiVn4K25cKOLW33Dn3zhpI2jrgYHDOfdyzxw34kwqy/oylpZXVtfWCxvFza3tnV1zb78lw1gQ2iQhD0XHxZJyFtCmYorTTiQo9l1O2+74MvPbd1RIFga3ahJRx8fDgHmMYKWlvnnY87EauV5ynZZ/6H162jdLVsWaAi0SOyclyNHom5+9QUhinwaKcCxl17Yi5SRYKEY4TYu9WNIIkzEe0q6mAfapdJJp/hSdaGWAvFDoFyg0VX9vJNiXcuK7ejKLKOe9TPzP68bKqzkJC6JY0YDMDnkxRypEWRlowAQlik80wUQwnRWRERaYKF1ZUZdgz395kbTOKna1Ur05L9VreR0FOIJjKIMNF1CHK2hAEwg8wBO8wKvxaDwbb8b7bHTJyHcO4A+Mj28gSZYo</latexit>

K(x)

Small-gain theorem for robust stability

Assume nominal open-loop plant is stable,             . Then, if we pick     such that  

the real closed-loop system is stable.

<latexit sha1_base64="OmvK3kGBW9fc7m6LIRBcCBBuHIE="></latexit>

F̂ 2 Lp
<latexit sha1_base64="H+9JJ9oTkdA+d0wPImYAVcudV94="></latexit>

K
<latexit sha1_base64="3V3rN5eLXhSVUFcX0M+JbgNNZkU="></latexit>

�(K)
⇣
�(F̂) + �(�)

⌘
 1,

Issues with “standard” small-gain

§ Conservative even if !

§ Our result: all and only the stabilizing controllers when
<latexit sha1_base64="FyAx2t5YjfX1ETr928jTJ7RStRE="></latexit>

� = 0
<latexit sha1_base64="FyAx2t5YjfX1ETr928jTJ7RStRE="></latexit>

� = 0
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Robust Performance Boosting[1]

d

where     is the open-loop plant operator satisfying                  . <latexit sha1_base64="hmPEBrWfn7T0lIUsJlhILqqFwbg="></latexit>F
<latexit sha1_base64="FA/PHtk+ovTbXIq87jLtJ3rAiVY="></latexit>

x = F(u,w)

Consider the control architecture below: 
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="> </latexit>M(·)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

Performance-boosting operator

<latexit sha1_base64="CJiiVrFAy1LwacETymR44+z/gZI="></latexit>

F̂(x,u)

The real closed-loop system is stable if                             ,
<latexit sha1_base64="GrU9yhjb5SJtxRUacnmYNT9Jzz4="></latexit>

�(M) <
1

�(�) (�(F) + 1)

§ Unconstrained learning over robustly stabilizing controllers
§ e.g., can specify maximal gain           using REN models (Part 1)

§ Conservatism vanishes as ! 
§ right-hand-side becomes infinity à all and only stabilizing policies (Part 1)

<latexit sha1_base64="cS47bzt7DTZIwLfnLbdOcfRPb6E="></latexit>

� ! 0

<latexit sha1_base64="ddcy81ZTCBprXWXjS+YK6Z1nq7E="></latexit>

�(M)

[1] L. Furieri, C. L. Galimberti, and GFT, “Learning to Boost the Performance of Stable Nonlinear Systems,” ArXiv 2024

Remarks
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Robust Performance Boosting[1]

d

where     is the open-loop plant operator satisfying                  . <latexit sha1_base64="hmPEBrWfn7T0lIUsJlhILqqFwbg="></latexit>F
<latexit sha1_base64="FA/PHtk+ovTbXIq87jLtJ3rAiVY="></latexit>

x = F(u,w)

Consider the control architecture below: 
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="> </latexit>M(·)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

Performance-boosting operator

<latexit sha1_base64="CJiiVrFAy1LwacETymR44+z/gZI="></latexit>

F̂(x,u)

The real closed-loop system is stable if                                       ,
<latexit sha1_base64="GrU9yhjb5SJtxRUacnmYNT9Jzz4="></latexit>

�(M) <
1

�(�) (�(F) + 1)

Proof sketch

§ Notice that ,  and 
§ by substitution we reveal

§ Upperbounding through the operator gains, the above implies

<latexit sha1_base64="QVJQbjCrp5mLkf9dG8jRRrQbCVI="></latexit>

x = F(x,u) = F(F(u,w),u)
<latexit sha1_base64="WGnnXcKvIAaY5OX7xkU0Ti6Moxc="></latexit>

ŵ = x� F̂(x,u)
<latexit sha1_base64="3Fp9Ryib0+96cMm8WN5xbKTPcL8="></latexit>

ŵ = �(F(u,w),u) +w

<latexit sha1_base64="IoomP5LdNQoh3mrWzCs5tQ9l8JI="></latexit>

|ŵ| 
✓

�(�)�(F) + 1

1� �(�)�(M) (�(F) + 1)

◆
|w| .
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Crucial challenges 
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="> </latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

2) Noisy outputs
<latexit sha1_base64="XzVXEqg/nDXzsiehBhL9mcMkLZo="></latexit>

y = H(x) + v

<latexit sha1_base64="mHAbvJ0j/Qq2X7iQ4oOi2cGinEw="></latexit>

(w,v) ! (u,x,y)

§ Only know:
§ Intricate closed-loop map

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x

Performance-boosting operator
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Towards the output-feedback case

§ Classical results based on
§ Youla-like formulations[1]

§ Kernel-based representations[2] 

§ Recent results using REN parametrizations
§ Contractive closed-loops for linear systems[3]

§ Extension to contractive and Lipschitz nonlinear systems[4]

[1] V. Anantharam and C. A. Desoer. “On the stabilization of nonlinear systems,” IEEE Transactions on Automatic Control, 1984.
[2] K. Fujimoto and T. Sugie. “Youla-Kucera Parameterization for Nonlinear Systems via Observer Based Kernel Representations,” Trans. of the Soc. of Inst. and Control Engineers, 1998.

[4] N.H. Barbara, R. Wang and I.R. Manchester, “Learning Over Contracting and Lipschitz Closed-Loops for Partially-Observed Nonlinear Systems,” IEEE Conf. Decision & Control, 2023.
[3] Wang, R., & Manchester, I. R. “Youla-ren: Learning nonlinear feedback policies with robust stability guarantees”. 2022 American Control Conference (ACC). IEEE.

Lack of a general theory

§ Different modeling setups (e.g., state-space, input/output…)

§ Different guarantees (    -stability, contractivity…) <latexit sha1_base64="t9/zj2TOVFPCUXll/UtECK+m5wg="></latexit>

Lp
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A closed-loop operator perspective
§ We focus on nonlinear systems in input-output form

§ Control loop and induced closed-loop operators

§ Novel characterization of all achievable closed-loop operators[1]

§ Drop the second constraint… new architecture

<latexit sha1_base64="/qnCe4U1tTmMlHJZQeOj9CV0/qA="></latexit>

y = G(u+ d) + v
<latexit sha1_base64="N6byFvuM4l287iBFIVajpwwgYwY="></latexit>

G 2 Lp

[1] Galimberti, C., Furieri, L., GFT, “Performance-boosting output-feedback controllers for nonlinear systems”, in preparation, 2024

K G
y u

dv d
uo

yo
<latexit sha1_base64="MP3GyGfLMwf/m2kG0jzN2nqLxVY="></latexit>

 y

<latexit sha1_base64="PcIi7pHL1+0HG2SX89uVk9qnjkM="></latexit>

 u

<latexit sha1_base64="XtVN8+lz5KMyc9/avmv70lngbhQ="></latexit>

(v,d)

<latexit sha1_base64="aHlJa27jv1MkxAILTaedXV9HEZw="></latexit>y

<latexit sha1_base64="fpgEle4Hb8ivjHihZ4Jzn85vOWY="></latexit>u

<latexit sha1_base64="3lvHc8ku5uWcngKvFFxoX2/YmZE="></latexit>⌘
<latexit sha1_base64="LAriR7hlLG/vH5cHb2PMuWZw0Yw="></latexit>

( y, u)

<latexit sha1_base64="OszNXVZoHXYYJZC6l1sO+uM7d54="></latexit>

 y = G � u,  u =  u �
⇣
 (y,u)

⌘�1
 y

K G
y u

dv d
uo

yo
<latexit sha1_base64="+Fjz++8bZHSqfOG5tlN7J+EPY5E="></latexit>

 y = G � u
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Performance-boosting in output-feedback

[1] Galimberti, C., Furieri, L., GFT, “Performance-boosting output-feedback controllers for nonlinear systems”, in preparation, 2024

K G
y u

dv d
uo

yo

K G
y u

dv d
uo

yo

<latexit sha1_base64="WdvOv1vhshyMUNCDsTb09pxO4+s="></latexit>

min
Q2Lp

1

T
[L (yT :0, uT :0)]

s. t. y = G (u+ d) + v,

u = Q (y �G(u))

Equivalent to Youla

New architecture

<latexit sha1_base64="XA2z4xDUKMylkuWotUbWupbCLBU="></latexit>

min
 u2Lp

1

T
[L (yT :0, uT :0)]

s. t. �t�1 = ut�1 � u
t�1(�t�1, �t�2)

�t = yt � (Gt � u
t )(�t�1, �t�1)

ut =  
u
t (�t, �t�1)

§ Learn over all and only -stabilizing controllers 
<latexit sha1_base64="t9/zj2TOVFPCUXll/UtECK+m5wg="></latexit>

Lp

§ Additional insight 
§ Learn over closed-loop maps with stronger properties, e.g. [2]
§ E.g.,      is a REN,     is contracting inherits contractivity

<latexit sha1_base64="+Fjz++8bZHSqfOG5tlN7J+EPY5E="></latexit>

 y = G � u

<latexit sha1_base64="GhheF9LbuniQCvkiOgUW50Basn0="></latexit>

 u <latexit sha1_base64="dN5Zio0hrrwusy5+0CfHFGVkki4="></latexit>

G
<latexit sha1_base64="JI/iNZeQXUyo3qqVTi1T8Ev8P18="></latexit>

=)
<latexit sha1_base64="MP3GyGfLMwf/m2kG0jzN2nqLxVY="></latexit>

 y

[2] N.H. Barbara, R. Wang and I.R. Manchester, “Learning Over Contracting and Lipschitz Closed-Loops for Partially-Observed Nonlinear Systems,” IEEE Conf. Decision & Control, 2023.
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Distributed control
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ
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Distributed control
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="ffCPZpKiPU7o8go815RQFemek+c="></latexit>

K3

<latexit sha1_base64="pfEojDCPLy63wV96rNhSO4aHlmI="></latexit>

K2
<latexit sha1_base64="vYIRH3CgwFvVM8zbZVVPfkfkJIU="></latexit>

K1
<latexit sha1_base64="W+VqSvZVj4qlZoiEkou+qxDMuNU="></latexit>

1
<latexit sha1_base64="kNQI9xZm+/7+OAjpKAzu6GkOdYE="></latexit>

2

<latexit sha1_base64="KpD0i4Mwm/ChN0eT3WqxLB+HCNU="></latexit>

3

State-coupled subsystems

<latexit sha1_base64="UuAZNKwqgOGGdweAOjWIRgzVPpw="></latexit>w1
<latexit sha1_base64="An2MZgU7OaBQNFKcrBIxrKiQq70="></latexit>w2

<latexit sha1_base64="YCLx9CCfdinJqwbIyox9Ldih71U="></latexit>w3

The sparsity of F is replicated in the controller 
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Distributed control
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="ffCPZpKiPU7o8go815RQFemek+c="></latexit>

K3

<latexit sha1_base64="pfEojDCPLy63wV96rNhSO4aHlmI="></latexit>

K2
<latexit sha1_base64="vYIRH3CgwFvVM8zbZVVPfkfkJIU="></latexit>

K1
<latexit sha1_base64="W+VqSvZVj4qlZoiEkou+qxDMuNU="></latexit>

1
<latexit sha1_base64="kNQI9xZm+/7+OAjpKAzu6GkOdYE="></latexit>

2

<latexit sha1_base64="KpD0i4Mwm/ChN0eT3WqxLB+HCNU="></latexit>

3

<latexit sha1_base64="NPsLUSf2szuGuoCc/veGO++6HJs="></latexit>x1

<latexit sha1_base64="H4BzYeIvyVvu8zTDW8O85Y7Gg2Q="></latexit>u1

<latexit sha1_base64="Re9N2FkiFoF/zOISHw7Dy78Ij2U="></latexit>x3

<latexit sha1_base64="6A8ZCVftPOK/6GohGpV57mHhCQI="></latexit>

1

<latexit sha1_base64="eVVhJUUcWByiLMRqSGGAikNy5Gg="></latexit>

M diagonal

State-coupled subsystems

<latexit sha1_base64="UuAZNKwqgOGGdweAOjWIRgzVPpw="></latexit>w1
<latexit sha1_base64="An2MZgU7OaBQNFKcrBIxrKiQq70="></latexit>w2

<latexit sha1_base64="YCLx9CCfdinJqwbIyox9Ldih71U="></latexit>w3

<latexit sha1_base64="UtpLaPv+/dhEkoz9+0O6kigvkZs="></latexit>w1

<latexit sha1_base64="Ee1S1CPi9quY5xX5Oqpd5qpXVyE="></latexit>

ŵ1

<latexit sha1_base64="qfropnAIODUqu6lB6iQMUCVyEjo="></latexit>

M1(ŵ1)

The sparsity of F is replicated in the controller 

<latexit sha1_base64="wyZ3Jc6L1TEFhSoojfuq4asU1EA="></latexit>

f1(x1, x3, u1) � x+
1
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Distributed control
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="ffCPZpKiPU7o8go815RQFemek+c="></latexit>

K3

<latexit sha1_base64="pfEojDCPLy63wV96rNhSO4aHlmI="></latexit>

K2
<latexit sha1_base64="vYIRH3CgwFvVM8zbZVVPfkfkJIU="></latexit>

K1
<latexit sha1_base64="W+VqSvZVj4qlZoiEkou+qxDMuNU="></latexit>

1
<latexit sha1_base64="kNQI9xZm+/7+OAjpKAzu6GkOdYE="></latexit>

2

<latexit sha1_base64="KpD0i4Mwm/ChN0eT3WqxLB+HCNU="></latexit>

3

<latexit sha1_base64="NPsLUSf2szuGuoCc/veGO++6HJs="></latexit>x1

<latexit sha1_base64="H4BzYeIvyVvu8zTDW8O85Y7Gg2Q="></latexit>u1

<latexit sha1_base64="6A8ZCVftPOK/6GohGpV57mHhCQI="></latexit>

1

<latexit sha1_base64="O0Fj2Sqowa5Os7InUuzTQOORvtw="></latexit>

M distributed

<latexit sha1_base64="Re9N2FkiFoF/zOISHw7Dy78Ij2U="></latexit>x3

State-coupled subsystems

<latexit sha1_base64="UuAZNKwqgOGGdweAOjWIRgzVPpw="></latexit>w1
<latexit sha1_base64="An2MZgU7OaBQNFKcrBIxrKiQq70="></latexit>w2

<latexit sha1_base64="YCLx9CCfdinJqwbIyox9Ldih71U="></latexit>w3

<latexit sha1_base64="UtpLaPv+/dhEkoz9+0O6kigvkZs="></latexit>w1

<latexit sha1_base64="Ee1S1CPi9quY5xX5Oqpd5qpXVyE="></latexit>

ŵ1

The sparsity of F is replicated in the controller 

<latexit sha1_base64="e1WgyL4cnMvFFAtnZwcHmJQ4T24="></latexit>

M1(ŵ1, ŵ2, u2)
<latexit sha1_base64="EtKreLgdMtcqA0eYMWI6HXDWhy4="></latexit>

ŵ2, u2

<latexit sha1_base64="wyZ3Jc6L1TEFhSoojfuq4asU1EA="></latexit>

f1(x1, x3, u1) � x+
1

Learning over distributed Lp operators is challenging!

§ Stay tuned for the next talk…
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The magic of the cost

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]
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The magic of the cost

<latexit sha1_base64="9AvExJz9eTXTOXUG//X16zsdq18="></latexit>

Nonlinear Optimal Control (NOC)

<latexit sha1_base64="QTOQBWA8fmnJ3uv+B47ePcDjZk8="></latexit>

s.t. CLOSED-LOOP STABILITY

<latexit sha1_base64="ZkouHedBh6c3m4oGvmxQGYdkAnw="></latexit>

K (·) 2 argmin
1
T
Ew [L(x0:T , u0:T )]

<latexit sha1_base64="048nhPtYPO1WhiEAetN8bxAj4Gc="></latexit>

Unsafe region

Safety via invariance Waypoint tracking

Boosting
open-loop performance

<latexit sha1_base64="JQ3CXV/YYem8lLlWWe+qxoxnudU="></latexit>

⌅ L2-gain, settling time,
overshoot, ...
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Waypoints tracking 
<latexit sha1_base64="pFVWfJjyTUxFubhsVgKz5HBByf8="></latexit>

⌅ Task specs:

– No collisions

– Blue robot: A ! B ! C, stabilizing around C
– Orange robot: C ! A ! B, stabilizing around B

<latexit sha1_base64="glsVF7FXRsLJ/btTnuzPbQzxLn4="></latexit>

A

<latexit sha1_base64="z+8GLqZX3n7IQEUlWW5NftKV0Zk="></latexit>

B
<latexit sha1_base64="cbnpvJXMptiF8CV2qK5PZ0epayI="></latexit>

C
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Waypoints tracking 

[1] Li, X., C.-I. Vasile, and C. Belta. "Reinforcement learning with temporal logic rewards.”, IEEE IROS, 2017

<latexit sha1_base64="glsVF7FXRsLJ/btTnuzPbQzxLn4="></latexit>

A

<latexit sha1_base64="z+8GLqZX3n7IQEUlWW5NftKV0Zk="></latexit>

B
<latexit sha1_base64="cbnpvJXMptiF8CV2qK5PZ0epayI="></latexit>

C

<latexit sha1_base64="pFVWfJjyTUxFubhsVgKz5HBByf8="></latexit>

⌅ Task specs:

– No collisions

– Blue robot: A ! B ! C, stabilizing around C
– Orange robot: C ! A ! B, stabilizing around B

<latexit sha1_base64="OQJYSpjigH/Z0RapoEnILoJ/Yy8="></latexit>

⌅ Waypoints ! Linear Temporal Logic formulae[1] ! cost Lway
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Waypoints tracking 

[1] Li, X., C.-I. Vasile, and C. Belta. "Reinforcement learning with temporal logic rewards.”, IEEE IROS, 2017

<latexit sha1_base64="glsVF7FXRsLJ/btTnuzPbQzxLn4="></latexit>

A

<latexit sha1_base64="z+8GLqZX3n7IQEUlWW5NftKV0Zk="></latexit>

B
<latexit sha1_base64="cbnpvJXMptiF8CV2qK5PZ0epayI="></latexit>

C

Base controller Performance boosting

<latexit sha1_base64="pFVWfJjyTUxFubhsVgKz5HBByf8="></latexit>

⌅ Task specs:

– No collisions

– Blue robot: A ! B ! C, stabilizing around C
– Orange robot: C ! A ! B, stabilizing around B

<latexit sha1_base64="OQJYSpjigH/Z0RapoEnILoJ/Yy8="></latexit>

⌅ Waypoints ! Linear Temporal Logic formulae[1] ! cost Lway
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Safety
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="2RdqZTYlFUHTT45Xq0qGDQhNhf8="></latexit>

S

[1] Hewing, L., et al. "Learning-based model predictive control: Toward safe learning in control." Annual Review of Control, Robotics, and Autonomous Systems, 2020
[2] Agrawal, A., and K. Sreenath. "Discrete control barrier functions for safety-critical control of discrete systems with application to bipedal robot navigation." Robotics: Science 
and Systems. 2017

§ Requires online optimization
§ Tweaks u only if needed

<latexit sha1_base64="Vw+MteAASWgO8kxgCzrlHtO9zew="></latexit>

⌅ Add a safety filter[1] guaranteeing (xt , ut ) 2 C, 8t > 0
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Safety
<latexit sha1_base64="Hr/HFGZZL/ma1aYPYghk0pOrQZw="></latexit>

System
<latexit sha1_base64="Alnc3OvMgkmYzbf5DG8MBB7sZjc="></latexit>

Controller K

<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="XZ8Wb7uxy+9G6Z/1Be+aIaOZ6q4="></latexit>w

<latexit sha1_base64="WD2cvMA+K86wiAI7t+Yw2Qq0Umc="></latexit>x<latexit sha1_base64="kR+ECfPwZjW1727jcBOL+3oly3w="></latexit>M(·)
<latexit sha1_base64="WvhAFflE4ZVaEqXu0D8SYqk6GRc="></latexit>

F(x, u)

<latexit sha1_base64="8CpeVfguWBYO+2tzVK9a3QS5Acw="></latexit>u
<latexit sha1_base64="3wrRasxhFR2oh2W/Rv6mzi0AIKs="></latexit>

ŵ

<latexit sha1_base64="2RdqZTYlFUHTT45Xq0qGDQhNhf8="></latexit>

S

<latexit sha1_base64="HxeWBJM14tHvCkoi6yFBshY72rI="></latexit>

⌅ Promote invariance[2] of X = {x : h(x)  0}

[1] Hewing, L., et al. "Learning-based model predictive control: Toward safe learning in control." Annual Review of Control, Robotics, and Autonomous Systems, 2020
[2] Agrawal, A., and K. Sreenath. "Discrete control barrier functions for safety-critical control of discrete systems with application to bipedal robot navigation." Robotics: Science 
and Systems. 2017

<latexit sha1_base64="dHQEHfF5L4OuGsM+3FlFbY3Dh3A="></latexit>

⌅ Reduce filter activation embedding soft safety specs in the cost

<latexit sha1_base64="AO9OTBbjpccfJuwDwZm77qGrWVo="></latexit>

Linv = maxt<T ReLU (h(xt ) � h(xt+1) � �h(xt ))

<latexit sha1_base64="d1FJ7fFeVUS3zd3hIbW1eUKCh4Q="></latexit>

⌅ Promote constraint fulfillment ! Lsafe = maxt<T BarrierC(xt , ut )

§ Requires online optimization
§ Tweaks u only if needed

<latexit sha1_base64="Vw+MteAASWgO8kxgCzrlHtO9zew="></latexit>

⌅ Add a safety filter[1] guaranteeing (xt , ut ) 2 C, 8t > 0
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The safe corridor problem
<latexit sha1_base64="048nhPtYPO1WhiEAetN8bxAj4Gc="></latexit>

Unsafe region
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The safe corridor problem
<latexit sha1_base64="048nhPtYPO1WhiEAetN8bxAj4Gc="></latexit>

Unsafe region

<latexit sha1_base64="IWHZvcIrE2gY8OmpZ9EO9NopQbs="></latexit>

L without safety-promoting terms
Average violation: 43%

<latexit sha1_base64="048nhPtYPO1WhiEAetN8bxAj4Gc="></latexit>

Unsafe region
<latexit sha1_base64="048nhPtYPO1WhiEAetN8bxAj4Gc="></latexit>

Unsafe region

<latexit sha1_base64="vKaTTBafrfbSl3e7NFJoiZt+X9U="></latexit>

L including Linv
Average violation: 1.4%
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THANKS !



• The objective is to have two vehicles that visits the pink squares, starting from the 
small circles, in the following order:

• Blue vehicle: 𝑔! → 𝑔" → 𝑔#

• Orange vehicle: 𝑔# → 𝑔" → 𝑔!

• We use the TLTL specification. It reads, for vehicle 1:

where:                           and                        , being      the radius of the obstacle.

The specification     for vehicle 2 can be constructed similarly.

The collision avoidance specification reads: 

• The final specification is then: 

• Cost: we translate the TLTL specification to a cost function        . Moreover, we 
also consider a regularization term of the form 

for promoting the vehicles to do the minimal possible path.
The final cost is                     . 

Waypoints

𝑔!

𝑔"

𝑔#

<latexit sha1_base64="ZXyF/sH7n/hjZJbONo/4fT3L2WA=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4ELKjNTLQqHgxmUFe4F2GDJppg3NZIYkI5ShuPFV3LhQxK1P4c63MW1noa0HQj7+/xyS8wcJZ0o7zre1sLi0vLJaWCuub2xubds7uw0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBoObsd98oFKxWNzrYUK9CPcECxnB2ki+vd9JFPOzns9G6Bp1p3TllJ0z3y6Za1JoHtwcSpBXzbe/Ot2YpBEVmnCsVNt1Eu1lWGpGOB0VO6miCSYD3KNtgwJHVHnZZIUROjJKF4WxNEdoNFF/T2Q4UmoYBaYzwrqvZr2x+J/XTnV46WVMJKmmgkwfClOOdIzGeaAuk5RoPjSAiWTmr4j0scREm9SKJgR3duV5aJyW3fNy5a5Sqp7kcRTgAA7hGFy4gCrcQg3qQOARnuEV3qwn68V6tz6mrQtWPrMHf8r6/AGPCZYs</latexit>

 gi = dgi < 0.05
<latexit sha1_base64="KJete4fd3f/Lj0/LTKzY9UKBwR0=">AAACBXicbZBNS8MwGMfT+TbnW9WjHoJD8CCjlaFelIEXjxPcC2ylpGm6haVJSVJhlF28+FW8eFDEq9/Bm9/GbO1BNx8I+fH/Pw/J8w8SRpV2nG+rtLS8srpWXq9sbG5t79i7e20lUolJCwsmZDdAijDKSUtTzUg3kQTFASOdYHQz9TsPRCoq+L0eJ8SL0YDTiGKkjeTbh/1EUT8TPp3AKxjmdC3z27erTs2ZFVwEt4AqKKrp21/9UOA0JlxjhpTquU6ivQxJTTEjk0o/VSRBeIQGpGeQo5goL5ttMYHHRglhJKQ5XMOZ+nsiQ7FS4zgwnTHSQzXvTcX/vF6qo0svozxJNeE4fyhKGdQCTiOBIZUEazY2gLCk5q8QD5FEWJvgKiYEd37lRWif1dzzWv2uXm2cFnGUwQE4AifABRegAW5BE7QABo/gGbyCN+vJerHerY+8tWQVM/vgT1mfP57smJk=</latexit>

 oi = doi > roi
<latexit sha1_base64="vG7vYve+KjWoDjE61QcgaYJeFGs=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvHisYD+gXZZsmm1Ds0lIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8WHFmrO9/e2vrG5tb26Wd8u7e/sFh5ei4bWSmCW0RyaXuxthQzgRtWWY57SpNcRpz2onHdzO/80S1YVI82omiYYqHgiWMYOukjo5yGbFpVKn6NX8OtEqCglShQDOqfPUHkmQpFZZwbEwv8JUNc6wtI5xOy/3MUIXJGA9pz1GBU2rCfH7uFJ07ZYASqV0Ji+bq74kcp8ZM0th1ptiOzLI3E//zeplNbsOcCZVZKshiUZJxZCWa/Y4GTFNi+cQRTDRztyIywhoT6xIquxCC5ZdXSfuqFlzX6g/1auOyiKMEp3AGFxDADTTgHprQAgJjeIZXePOU9+K9ex+L1jWvmDmBP/A+fwCfUY+z</latexit>roi

<latexit sha1_base64="vc8im7DQ0CZqZFDuQ2rIAc4GdzU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgQcpuKeqx4MVjBVsL7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrW9sbhW3Szu7e/sH5cOjtlGppqxFlVC6ExLDBJesZbkVrJNoRuJQsIdwfDPzH56YNlzJeztJWBCToeQRp8Q6qd1LRrxf65crXtWbA68SPycVyNHsl796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jksTMBNn82ik+c8oAR0q7khbP1d8TGYmNmcSh64yJHZllbyb+53VTG10HGZdJapmki0VRKrBVePY6HnDNqBUTRwjV3N2K6YhoQq0LqORC8JdfXiXtWtW/rNbv6pXGRR5HEU7gFM7BhytowC00oQUUHuEZXuENKfSC3tHHorWA8plj+AP0+QM5Go7X</latexit>

�2

<latexit sha1_base64="kDw6nJq5JeCVaYt/QmFNNBUuV94="></latexit>

�1 =
�
 gr T  gg T  gb

�
^
�
¬
�
 gg _  gb

�
U  gr

�
^
�
¬ gb U  gg

�
^

0

@
^

i=r,g,b

⇤ ( gi ) �⇤¬ gi)

1

A ^

0

@
^

i=1,2

⇤ oi

1

A ^ ⌃⇤ gb

<latexit sha1_base64="pOFlPPXRJGPPi7YaP1b+7iGfyh0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQKSUpRd0oBTcuK9gHtCFMJpNm6OTBzKRQQn7Ajb/ixoUibt2782+cpllo64ELh3Punbn3ODGjQhrGt1ZaWV1b3yhvVra2d3b39P2DrogSjkkHRyzifQcJwmhIOpJKRvoxJyhwGOk549uZ35sQLmgUPshpTKwAjULqUYykkmz9ZBj71E4xyuA1dO3UrDUyeAMb59xOJ8SnmJEM2nrVqBs54DIxC1IFBdq2/jV0I5wEJJSYISEGphFLK0Vc5g9WhokgMcJjNCIDRUMUEGGl+TUZPFWKC72IqwolzNXfEykKhJgGjuoMkPTFojcT//MGifSurJSGcSJJiOcfeQmDMoKzaKBLOcGSTRVBmFO1K8Q+4ghLFWBFhWAunrxMuo26eVFv3jerrVoRRxkcgWNwBkxwCVrgDrRBB2DwCJ7BK3jTnrQX7V37mLeWtGLmEPyB9vkD8MmaKA==</latexit>

�ca = d1,2 > 2 ⇤ rvehicle
<latexit sha1_base64="zR7sNXr7OwizW7WZL3K3GzcWX0U=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwISUpRV0W3LisYB/QhjKZ3LRDJ5MwM1FK6Ae48VfcuFDErR/gzr9xmmZRWw8MnHvOvdy5x4s5U9q2f6zC2vrG5lZxu7Szu7d/UD48aqsokRRaNOKR7HpEAWcCWpppDt1YAgk9Dh1vfDPzOw8gFYvEvZ7E4IZkKFjAKNFGGpQr/XjEBg7uP4I/hKyoLRYpJVPTZVftDHiVODmpoBzNQfm770c0CUFoyolSPceOtZsSqRnlMC31EwUxoWMyhJ6hgoSg3DQ7ZorPjOLjIJLmCY0zdXEiJaFSk9AznSHRI7XszcT/vF6ig2s3ZSJONAg6XxQkHOsIz5LBPpNANZ8YQqhk5q+YjogkVJv8SiYEZ/nkVdKuVZ3Lav2uXmlc5HEU0Qk6RefIQVeogW5RE7UQRU/oBb2hd+vZerU+rM95a8HKZ47RH1hfv1Rumx8=</latexit>

�1 ^ �2 ^ �ca

<latexit sha1_base64="XVvXq/PucHFr58OmdeR3GNflgZk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WooCWRom6EghsXLlqwD2himEwn7dDJg5mJtIT8hht/xY0LRVzqyr9x0mZRqwcGDufcy51z3IhRIQ3jWyssLa+srhXXSxubW9s7+u5eW4Qxx6SFQxbyrosEYTQgLUklI92IE+S7jHTc0XXmdx4IFzQM7uQkIraPBgH1KEZSSY5uWD6SQ4xYcps6Y3gFK+NTy0U8GafH94klwyiFzXnR0ctG1ZgC/iVmTsogR8PRP61+iGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYyTRZCo+U0odeyNULJJyq8xsJ8oWY+K6azHKIRS8T//N6sfQu7YQGUSxJgGeHvJhBGcKsJtinnGDJJoogzKn6K8RDxBGWqsySKsFcjPyXtM+q5nm11qyV6yd5HUVwAA5BBZjgAtTBDWiAFsDgETyDV/CmPWkv2rv2MRstaPnOPvgF7esHVK2f0A==</latexit>

Lx = (x� x̄)>Q(x� x̄)

<latexit sha1_base64="LjzYiLqaJjQj60bez4Z7CzaMQMI=">AAACE3icbVA9SwNBEN2LXzF+nVraLAZBVMKdBLUM2FikiJAvSMIxt9kkS/b2jt09STjyH2z8KzYWitja2Plv3EtSxOiDgcd7M8zM8yPOlHacbyuzsrq2vpHdzG1t7+zu2fsHdRXGktAaCXkomz4oypmgNc00p81IUgh8Thv+8Db1Gw9UKhaKqh5HtBNAX7AeI6CN5Nln7QD0gABPyhMvqZYn+By3gUcD8EZ40Rthz847BWcK/Je4c5JHc1Q8+6vdDUkcUKEJB6VarhPpTgJSM8LpJNeOFY2ADKFPW4YKCKjqJNOfJvjEKF3cC6UpofFUXZxIIFBqHPimM71SLXup+J/XinXvppMwEcWaCjJb1Is51iFOA8JdJinRfGwIEMnMrZgMQALRJsacCcFdfvkvqV8W3KtC8b6YL13M48iiI3SMTpGLrlEJ3aEKqiGCHtEzekVv1pP1Yr1bH7PWjDWfOUS/YH3+AJOLneg=</latexit>

LTL + ↵xLx

<latexit sha1_base64="/IguUnDv+vaoF8L24VK7y1CFHrQ=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBhZQZKeqy4MaFiwp9QTuUTJppQzOZIckUyjB/4saFIm79E3f+jZl2Ftp6IOFwzr3k5PgxZ0o7zrdV2tjc2t4p71b29g8Oj+zjk46KEklom0Q8kj0fK8qZoG3NNKe9WFIc+px2/el97ndnVCoWiZaex9QL8ViwgBGsjTS07UGI9YRgnj5mw7RlLrvq1JwF0DpxC1KFAs2h/TUYRSQJqdCEY6X6rhNrL8VSM8JpVhkkisaYTPGY9g0VOKTKSxfJM3RhlBEKImmO0Gih/t5IcajUPPTNZJ5TrXq5+J/XT3Rw56VMxImmgiwfChKOdITyGtCISUo0nxuCiWQmKyITLDHRpqyKKcFd/fI66VzX3Jta/alebVwVdZThDM7hEly4hQY8QBPaQGAGz/AKb1ZqvVjv1sdytGQVO6fwB9bnD8Lwk68=</latexit>

LTL



Waypoints

𝑔!

𝑔"

𝑔#

The TLTL specification for vehicle 1 reads:

<latexit sha1_base64="kDw6nJq5JeCVaYt/QmFNNBUuV94="></latexit>

�1 =
�
 gr T  gg T  gb

�
^
�
¬
�
 gg _  gb

�
U  gr

�
^
�
¬ gb U  gg

�
^

0

@
^

i=r,g,b

⇤ ( gi ) �⇤¬ gi)

1

A ^

0

@
^

i=1,2

⇤ oi

1

A ^ ⌃⇤ gb

<latexit sha1_base64="UWYJPxyjWgUFK8b+Hjfb9SctIEY="></latexit> �
 gr T  gg T  gb

�
: visit gr then gg then gb,

^ : and
�
¬
�
 gg _  gb

�
U  gr

�
: don’t visit gg or gb until visiting gr,

^ : and
�
¬ gb U  gg

�
: don’t visit gb until visiting gg,

^ : and
0

@
^

i=r,g,b

⇤ ( gi ) �⇤¬ gi)

1

A : always if visited gi implies next always don’t visit gi,

^ : and
0

@
^

i=1,2

⇤ oi

1

A : always avoid obstacles,

^ : and

⌃⇤ gb : eventually always state at the final goal (gb).
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Main result 85/36

II. Parametrize v(x) as follows

F(x,u)

K′(·)

w

v

Controller

x

System

F(x,u)

u
M( )·

Result part 1 (sufficiency)
The CL maps               achieved by the control scheme above are      
stable for any   

<latexit sha1_base64="I/JGHTTvOjKDh3l7ffe7d/vLuLs="></latexit>

(�x,�u)

<latexit sha1_base64="170JWUFOm1KDpUQeeL1PdI2pxvc=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9sh5JJM21okhmSjFKGbvwGt7p2J279E5f+iZl2Ftp6IHA4517uyQlizrRx3S+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPrzO88UKVZJO/MNKa+wCPJQkawsdJ9X2AzDsL0cTYoV9yqOwdaJV5OKpCjOSh/94cRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvpPPEMnVlliMJI2ScNmqu/N1IstJ6KwE5mCfWyl4n/eb3EhFd+ymScGCrJ4lCYcGQilH0fDZmixPCpJZgoZrMiMsYKE2NL+nMlEFkn3nIDq6Rdq3oX1fptvdKo5e0U4QRO4Rw8uIQG3EATWkBAwjO8wKvz5Lw5787HYrTg5DvH8AfO5w/X9Jeq</latexit>w

<latexit sha1_base64="5qdEqCdgRiwEOPsZZUX0wiObZkA="></latexit>

v = M(w) = M(x� F(x,u))

§ By hypothesis, disturbance sequence
§ Since                       , then
§ By hypothesis, base controller             such that

<latexit sha1_base64="sx32a0X3XGA63HF2yxeajz+kJ5k="></latexit>

(w,v) 2 `p =) (x,u) 2 `p
<latexit sha1_base64="lCIUHAWCdb4k+mEVFX1tBX0LJF4="></latexit>

K0(·)

<latexit sha1_base64="fU43zwfTS+EymJ7bECU6EQZd80g="></latexit>

w 2 `p
<latexit sha1_base64="/UuWn2rMfhFxVu18uHkLWdZigGw="></latexit>

M(·) 2 Lp

<latexit sha1_base64="/UuWn2rMfhFxVu18uHkLWdZigGw="></latexit>

M(·) 2 Lp

<latexit sha1_base64="P5lw6HBRmdFIfiRy416KevI3pAw="></latexit>

v = M(w) 2 `p

Proof



§ We prove by induction that                                    , i.e., we achieve the desired CL maps. 
§ Inductive Step: assume                                         . Then

§ Base Step:                       … (the initial state is the initial state)  

Main result 86/36

Result part 2 (necessity)

If             , we can obtain any achievable  CL maps                          by 
searching over the space of stable operators               .    <latexit sha1_base64="ukjhxQEKqOxyzWdkNiQBchS84SA="></latexit>M 2 Lp

<latexit sha1_base64="XAD6nuEeEXWL4hmXh490uL72spE="></latexit>

( x, u) 2 Lp

<latexit sha1_base64="Or9/M8Se9h7cTavVJuZ0upUY6sI="></latexit>

K0 2 Lp

Globally optimal CL maps by searching over                ! <latexit sha1_base64="5rBS/buqEk7pApYnvFHsOVcJj48="></latexit>

=)
<latexit sha1_base64="ukjhxQEKqOxyzWdkNiQBchS84SA="></latexit>M 2 Lp

Proof
§ Select                                    . Then,
§ So, the corresponding policy                                                 is within our search space

<latexit sha1_base64="Sn4P+aXSj+SXzUvlzJwgaHM/IWc="></latexit>

�u
j+1 =K ′j+1(Fj+1∶0(�x

j∶0,�u
j∶0) + I���������������������������������������������������������������������������������������������������������������������������=�x

j+1

) −K ′j+1(Fj+1∶0( x
j∶0, u

j∶0) + I�����������������������������������������������������������������������������������������������������������������������������= x
j+1

) + u
j+1 =  u

j+1

<latexit sha1_base64="R6kppW4C+Frz3j0oiRgVqlEm07Y="></latexit>

u = K0(x) +M(x� F(x,u))
<latexit sha1_base64="tc7SDKlMTVYCz5I5wdnnx3/pcv4="></latexit>,

What closed-loop maps do we achieve?

<latexit sha1_base64="Qpxkg5esJIsg3YYfycsN4Ze7fpQ="></latexit>

(K0, x, u) 2 Lp =) M 2 Lp

<latexit sha1_base64="5LF93r7cDD9ZEfLUmcK0NNUCRgY="></latexit>(�x
j∶0,�u

j∶0) = ( x
j∶0, u

j∶0)
<latexit sha1_base64="zaarZVm/uYJhjJ7vVv5YK7QMSTA="></latexit>(�x,�u) = ( x, u)

<latexit sha1_base64="YJZV39qlMBzCrYy4llonf4HLRP4="></latexit>

M = �K0( x) + u

<latexit sha1_base64="tc7SDKlMTVYCz5I5wdnnx3/pcv4="></latexit>,
<latexit sha1_base64="1iZkCzl11oU3wslhtxzdQ/iPCSY="></latexit>

�x
0 =  x

0 = I


