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Deep Neural Networks (DNNs) 3
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ODE-based DNNs 4
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time…𝑘 = 1 𝑘 = 2 𝑘 = 𝑇!"#

Discretization

𝑢$: Inputs
𝑦$: Outputs
ℎ$: States
𝜃$: Parameters

Can be seen as a 
DNN!

Ordinary Differential Equation (ODE)



Neural-ODEs

§ Continuous time system

§ Use of modern ODE solvers for the 
evolution of the model

§ Integration methods with

Fixed-steps Variable-steps
§ Open-Source library

Drawbacks for system identification & 
control:
§ No guarantees

• Sensitive to perturbations in I/O

• No Stability guarantees
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Unconstrained Parametrization

Numerical Example
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Goal: Design class of NeuralODE that enjoys stability properties by design



Targeted Properties



Incremental Properties

MIMO system   Σ = 7𝑥̇ 𝑡 = 𝑓(𝑥 𝑡 , 𝑢 𝑡 )
𝑦 𝑡 = 𝑔(𝑥 𝑡 , 𝑢 𝑡 )

Comparison of different trajectories

𝑥 0 = 𝑥! 0
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Σ

𝑦* 𝑡 𝑦+ 𝑡Δ𝑦 𝑡 ≔ −Δ𝑢 𝑡 ≔ 𝑢* 𝑡 𝑢+ 𝑡− 𝑥* 𝑡 𝑥+ 𝑡−Δ𝑥 𝑡 ≔

𝑢* 𝑢+

𝑥 0 = 𝑥" 0



𝑥+ 𝑡 − 𝑥* 𝑡 ≤ 𝜅 𝑒,-. 𝑥+ 0 − 𝑥* 0

The system Σ is contracting if for any  𝑥* 0 , 𝑥+ 0 and 𝑢* = 𝑢+:

∀𝑡 ≥ 0 𝜅, 𝑐 > 0

If the system has an equilibrium point:

Contractivity

(Globally) Exponential Stability!

9Contractivity

𝑥! 𝑡 − 𝑥" 𝑡
𝜅 𝑒#$% 𝑥! 0 − 𝑥" 0
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Dissipativity

Internal energy

The system Σ is dissipative w.r.t. a supply rate 𝑠(⋅,⋅), if there exists a storage 
function V ⋅ such that:

𝑉 𝑥 𝑡& − 𝑉 𝑥 𝑡' ≤ L
.!

."
𝑠 𝑢 𝑡 , 𝑦 𝑡 𝑑𝑡 , ∀𝑡& ≥ 𝑡'

Why dissipativity?

§ Tight connection with Lyapunov stability (under mild conditions)
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Common choices of supply rate 𝑠 ⋅,⋅ ?

Exchange through inputs/outputs

Storage function:  V(⋅) supply rate:  s(⋅,⋅)



Quadratic Supply Rates

𝑠 Δ𝑢 𝑡 , Δ𝑦 𝑡 = Δ𝑦(𝑡)
Δ𝑢(𝑡)

/
𝑄 𝑆/
𝑆 𝑅

Δ𝑦(𝑡)
Δ𝑢(𝑡)

Common choices of 𝑄, 𝑆, 𝑅 :

ℓ( Lipschitz bound:

Incremental Input Passive:

Incremental Output Passive:

Δ𝑦 𝑡 ) ≤ 𝛾 Δ𝑢 𝑡 )

𝑠 = Δ𝑢 𝑡 /Δ𝑦 𝑡 − 𝜈 Δ𝑢(𝑡) (

𝑠 = Δ𝑢 𝑡 /Δ𝑦 𝑡 − 𝜌 Δ𝑦(𝑡) (

§ 𝑄 = − &
0
𝐼, 𝑅 = 𝛾𝐼, 𝑆 = 0

§ 𝑄 = 0, 𝑅 = −2𝜈𝐼, 𝑆 = 𝐼

§ 𝑄 = −2𝜌𝐼, 𝑅 = 0, 𝑆 = 𝐼
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NODE-RENs



Neural ODE Recurrent Equilibrium Networks 
(NodeRENs)

𝑥̇#
𝑣#
𝑦#

=
𝐴 𝐵$ 𝐵%
𝐶$ 𝐷$$ 𝐷$%
𝐶% 𝐷%$ 𝐷%%

𝑥#
𝑤#
𝑢#

+
𝑏&
𝑏'
𝑏(

𝑤# = 𝜎(𝑣#)

Linear part:

Nonlinear part:

NodeREN Model:
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=

Continuous-Time settings    +    REN (Discrete-Time)   =   NodeREN



Theorem 1 (Contracting NodeREN).
A NodeREN is contracting if there exists a 𝑃 > 0 and a Λ ∈ 𝔻% such that:

−𝐴/𝑃 − 𝑃𝐴 −𝐶&/Λ − 𝑃𝐵&
−Λ𝐶& −𝐵&/𝑃 𝑊

≻ 0

Theorem 2 (Dissipative NodeREN).
A NodeREN is incrementally dissipative w.r.t. quadratic supply rate if 
there exists a 𝑃 > 0 and a Λ ∈ 𝔻% such that:

−𝐴/𝑃 − 𝑃𝐴 −𝐶&/Λ − 𝑃𝐵& −𝑃𝐵( + 𝐶(/𝑆/

−Λ𝐶& −𝐵&/𝑃 𝑊 𝐷(&/ 𝑆/ − Λ𝐷&(
−𝐵(/𝑃 + 𝑆𝐶( 𝑆𝐷(& −𝐷(&/ Λ 𝑅 + 𝑆𝐷(( +𝐷((/ 𝑆/

+
𝐶(/

𝐷(&/

𝐷((/
𝑄

𝐶(/

𝐷(&/

𝐷((/

/

≻ 0

with: 𝑊 = 2Λ − Λ𝐷&& −𝐷&&/ Λ

Contracting & Dissipative NodeRENs 14

Can we remove constraints?Computationally Expensive!



Unconstrained Parametrization

−𝐴)𝑃 − 𝑃𝐴 −𝐶*)Λ − 𝑃𝐵*
−Λ𝐶* − 𝐵*)𝑃 𝑊

≻ 0

𝐻 = 𝑋1𝑋 + 𝜖𝐼

Contractivity 
matrix 

inequality

≻ 0 always!

How we obtain a C-NodeREN

I) Choose freely 𝑋, 𝑋2, build 𝐻, 𝑃 II) Get matrices from 𝐻, 𝑃 III) Choose freely the remaining ones 

𝑥̇+
𝑣+
𝑦+

=
𝐴 𝐵* 𝐵,
𝐶* 𝐷** 𝐷*,
𝐶, 𝐷,* 𝐷,,

𝑥+
𝑤+
𝑢+

+
𝑏-
𝑏.
𝑏/

NodeREN Model:

𝐻 = 𝑋)𝑋 + 𝜖𝐼 𝐴, 𝐵*,
𝐶*, 𝐷**, Λ

𝐵,, 𝐶,, 𝐷*,,
𝐷,*, 𝐷,,,
𝑏- , 𝑏/ , 𝑏. , …
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𝑃 = 𝑋31𝑋3 + 𝜖3𝐼 ≻ 0

𝑃 = 𝑋0)𝑋0 + 𝜖0𝐼

Unconstrained Parameters

Enforcing Dissipativity follows similar steps!

𝑤# = 𝜎(𝑣#)



How To Train NodeRENs

§ Choose the property to be guaranteed: contractivity and/or incremental dissipativity

§ Choose an integration method

§ Define a minimization objective:

min
4
𝐿 (… , 𝜃)

§ Easy to optimize over with gradient descent or stochastic variants (e.g., SGD, ADAM)

Unconstrained parameters

Loss function

𝑋, 𝑋0 , 𝐵,, 𝐶,,
𝐷,*, 𝐷,,, 𝐷*,,
𝑏- , 𝑏/ , 𝑏. , …

MSE()

BCE()

…

16

No constraints!



Numerical Example



System Identification (SYSID)

§ System: Pendulum

ℓ𝛼̈ 𝑡 + 𝛽𝛼̇ 𝑡 + 𝑔 sin 𝛼 𝑡 = 0

§ Loss Function: Mean Squared Error 
(MSE)

§ Experiments:
𝛼(0)
𝛼̇(0)

18



SYSID - Irregularly Sampled Data 20

Can handle naturally irregularly sampled data! (e.g., from sensor networks)



SYSID – Why Enforcing Contractivity 21

§ We enforce contractivity by design
Embedding prior knowledge

§ Can be simulated for longer time 
horizons (w.r.t. training time)

§ Improved numerical stability during 
simulations
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Future Developments
§ Beyond SYSID Applications:

• Optimal control
• Classification tasks (ML)

§ Real-world applications

§ Incorporating integration schemes preserving contractivity

Conclusions
Summary
§ Class of DNN with guarantees of contractivity and/or inc. dissipativity by design

§ Nonlinear system identification embedding contractivity/inc. dissipativity priors

22

Thank you!
Paper
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How To Train NodeRENs 24

COME FACCIO IL TRAINING effettivamente (BACKUP ALLA FINE)
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Binary Classification

Loss Function:
Binary Classification Entropy (BCE):

ℓ 6𝑝, 9𝑦 = − 9𝑦 log 6𝑝 + 1 − 9y log 1 − 6𝑝

Classification Problem:

• Input: 2 features

• Label: binary { 0, 1 }

29



System Identification (SYSID)

Nonlinear Pendulum:

ℓ𝛼̈ 𝑡 + 𝛽𝛼̇ 𝑡 + 𝑔 sin 𝛼 𝑡 = 0

Loss Function:
Mean Squared Error (MSE):

𝐿 𝑦, 9𝑦 = 𝑀𝑆𝐸 𝑦, 9𝑦 =
1
𝜂
N
)*+

,

N
#*-&

-'()

𝑦) 𝑡 − 9𝑦) 𝑡
%
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Optimal Control

Optimal Control Policy (loss function):

𝐿 = D
123

4!"#/4$

𝑙+6!7 𝑥+% , 𝑢+% + 𝑙8! 𝑥+% + 𝑙9":+(𝑥+%)
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Neural-ODE

Training Phase
• Gradient are computed by solving 

another ODE from 𝑇&'( → 𝑡).

• Don’t backpropagate through the 
operations of the solver.

• No need to store activations, O(1) 
memory gradient

𝑎 𝑡 =
𝜕𝐿
𝜕𝑧(𝑡)

𝑑
𝑑𝑡
𝑎 𝑡 = −𝑎 𝑡 . 𝜕𝑓(𝑧 𝑡 , 𝑡, 𝜃)

𝜕𝑧

32



Assumptions

Γ# =
Δ𝑣#
Δ𝑤#

. 0 Λ
Λ −2Λ

Δ𝑣#
Δ𝑤#

≥ 0,0 ≤
𝜎 𝑦 − 𝜎 𝑥

𝑦 − 𝑥
≤ 1

Assumption on activation function 𝜎 ⋅ :

Popular activation functions satisfy it already! (e.g., 𝑅𝑒𝐿𝑈 ⋅ , 𝑆𝑖𝑔𝑚𝑜𝑖𝑑 ⋅ , tanh(⋅)✓)

Conic Combination

33



Dissipative Direct Parametrization

𝐻 = 𝑋1𝑋 + 𝜖𝐼

Dissipativity 
matrix 

inequality

> 0 always!

How we obtain from H a RNodeREN?

I) Pick free parameters II) Build matrix H

=
𝐻** 𝐻*+ 𝐻*,
𝐻+* 𝐻++ 𝐻+,
𝐻,* 𝐻,+ 𝐻,,

𝑋, 𝐵%, 𝐶%, 𝐷$%,
𝐷%$, 𝐷%%,
𝑏& , 𝑏( , 𝑏' , …

𝐻 = 𝑋.𝑋 + 𝜖𝐼
𝐴, 𝐵$, 𝐵%
𝐶$, 𝐷$$, 𝐷$%,

𝐷%%

−𝐴.𝑃 − 𝑃𝐴 −𝐶$.Λ − 𝑃𝐵$ −𝑃𝐵% + 𝐶%.𝑆.

−Λ𝐶$ − 𝐵$.𝑃 𝑊 𝐷%$. 𝑆. − Λ𝐷$%
−𝐵%.𝑃 + 𝑆𝐶% 𝑆𝐷%$ − 𝐷%$. Λ 𝑅 + 𝑆𝐷%% + 𝐷%%. 𝑆.

+
𝐶%.

𝐷%$.

𝐷%%.
𝑄

𝐶%.

𝐷%$.

𝐷%%.

.

> 0

III) Retrieve remaining matrices using 𝐻

𝑄 < 0
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